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Abstract

Phonon-phonon interactions give many materials extended properties that they
otherwise would not have had without them. Phonons are quasiparticles of
discrete, quantised vibrations. They are carriers of momentum, which makes
them relevant to the transport of energy, particularly heat. For example, many
thermoelectric and superconducting properties are due to electron-phonon and
phonon-phonon scattering. Understanding these interactions requires complex
theoretical frameworks, which are computationally expensive.

The aim of this thesis is to test Python-based tools for direct analysis of phonon
lifetimes in a range of materials from Molecular Dynamics simulations, and
to improve the efficiency by using Machine Learning (GAP) to accelerate the
Molecular Dynamics to directly calculate phonon lifetimes.

In this thesis, current ab initio methods establish the theoretical framework
behind the calculation of phonon lifetimes, which are traditionally performed
through perturbative methods. New implemented methods for extracting
phonon lifetimes and phonons at finite temperatures through Molecular Dy-
namics using several pre-existing methodologies have been used to extract
phonon lifetimes. However, at high or low T they become disadvantageous
and have been circumvented by combining some of these methodologies.

Through the combined use of Hybrid-MD and GAP, this thesis explores various
methodologies and establishes a workflow for developing GAP potentials
tailored for phonon calculations in MD. We also demonstrate that the GAP
potential framework inherently misses crucial physics such as LO/TO splitting
when applied to strongly ionic systems at finite T . Having extracted the phonon
band structure at a range of finite T we have shown it is possible to get the
lifetime.
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Chapter 1

Introduction

1.1 First principles of Transport modelling

The vast majority of today’s energy is lost as waste heat during the transforma-
tion of primary energy sources into usable power. In reality, most fuel-based
engines are yet to be very efficient; even modern-day engines lose a large frac-
tion of the energy they produce as waste heat during various transformation
processes. Recent developments in Materials Science aim to capture this waste
and convert it into useful energy, such as electricity generated from thermal
gradients.

Most materials don’t make good thermoelectrics because an effective thermo-
electric material requires high Seebeck coefficient, high electrical conductivity,
and low thermal conductivity which few materials possess all three ideal prop-
erties. For the application of thermoelectric materials, a useful metric is used
to evaluate and compare the performance and efficiency of heat conversion,
known as the thermoelectric figure of merit ZT which is a dimensionless value
that tells us the ratio between the useful electrical power factor σ2 and the
thermal energy dissipated through heat conduction.

Most thermoelectric applications require a large figure of merit, ZT ; however,
the majority of materials have poor thermoelectric performance and therefore
have limited conversion rates. One way to improve the conversion efficiency is
to introduce pre-existing features in a material that enhance the conversion of
thermal gradients into electrical power [4]. This can be achieved, for example,
by doping a material with elements that modify its thermal or electrical conduc-
tivity. As a result, the development of energy-efficient materials has become a
major focus in thermoelectric research.
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Chapter 1 Introduction

The ZT of a material is calculated through different material properties

ZT =
σS2T

κe +κL
(1.1)

Here, the Temperature T , electric conductivity (σ), Seebeck coefficient (S) are
defined as S =−∆V

∆T where ∆V is the voltage difference and ∆T is the tempera-
ture difference. The electronic thermal conductivity κe and the lattice thermal
conductivity κL. The total thermal conductivity is therefore composed of an
electronic contribution, κe, and a lattice contribution, κL, which arises from
lattice vibrations (phonons).

To achieve a high Seebeck coefficient S, an asymmetric Density of states (DOS)
near the Fermi level EF is required. It describes how electrons and holes flow
from different temperature gradients, generating a potential energy difference.

The lattice thermal conductivity κL can be calculated by solving the Boltzmann
Transport Equation (BTE) of particle-particle collisions. It is a quasi-classical
description of transport phenomena that has an accurate level of theory for
both the transport of charge carriers (electrons) and phonons. thermal lattice
thermal conductivity is defined as κL

κL = ∑
ν ,q

Cν(q)v2
ν ,x(q)τν(q), (1.2)

where Cν is the heat capacity and vν ,x is the group velocity in the x direction
τν(q) is the lifetime. The electronic thermal conductivity κe, defined as the heat
current produced per unit of temperature gradient when the electrical current
is zero, can be calculated via a set of transport coefficients from the Boltzmann
transport equation [5] as

κe = κ0 −S2
σ T (1.3)

where κ0 is the electronic thermal conductivity at zero electric field , S is the
Seebeck coefficient and σ is the electrical conductivity.

In order to calculate thermal conductivity κ the lifetime τν(q) is needed which is
calculated via the scattering matrix elements of the phonon-phonon scattering.
In a fully interacting system, for a given number of phonon scattering lifetimes
are summed up by Matthiessen’s rule:

1
τ
= ∑

i

1
τi

(1.4)

This is summed up by electron-phonon and phonon-impurity scattering,
phonon-phonon scattering lifetime. In this thesis, we look at the impact of the
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Chapter 1 Introduction

phonon-phonon scattering process and its lifetime.

There are many methods for calculating thermal conductivity that have been
developed over the years, for example:

(1) Perturbation theory via Boltzmann Transport Equation (ShengBTE)

(2) Non-equilibrium Molecular Dynamics (Müller-Plathe Method)

(3) Equilibrium Molecular Dynamics (Green-Kubo, Einstein Relation)

(4) Approach to Equilibrium Molecular Dynamics

These represent alternative methods for calculating the phonon scattering life-
time and, consequently, the thermal conductivity. Method 1 [5] relies on the
Boltzmann Transport Equation (BTE) formalism, treating the phonon-phonon
scattering lifetime perturbatively. Method 2 [6], known as the direct method,
calculates the thermal conductivity directly from heat gradients imposed by
creating boundary conditions consisting by separating the simulation box into
2N slabs. By swapping the lowest velocity (coolest) atom with the highest
velocity (hottest) it creates a thermal gradient from which the lattice thermal
conductivity κ can be calculated. This is the non-equilibrium molecular dy-
namics (NEMD) Müller-Plathe Method which is a direct method to calculate
thermal conductivity along a specified direction. To maintain finite thermal mo-
tion, the Müller-Plathe NEMD method establishes a steady heat flux between
a hot boundary at Thot and a cold boundary at Tcold across a slab of material,
allowing thermal conductivity to be calculated from a temperature gradient ∇T

via Fourier’s law of heat,

JJJ =−λ∇ (1.5)

Finally, methods 3 and 4 [7] also employ molecular dynamics, however in
method 3 the fluctuation-dissipation theorem, based on linear-response theory,
provides a link between the energy dissipated and the thermal fluctuations,
where the thermal conductivity tensor κ is given by the Green-Kubo relation
[8]: where J is the heat current. This is calculated through the autocorrelation
of heat flux moving from one boundary to the other,

κ =
V

kBT 2

∫
∞

0
⟨J(0)⊗J(t)⟩dt (1.6)

Method 4 is the particular focus of this thesis. Both Mode Decomposition and
Spectral Energy Density methods (SED) are used to calculate lifetimes τ from
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Chapter 1 Introduction

equilibrium molecular dynamics (EMD) simulations. These methods have been
shown to predict accurately the phonons in perfect bulk systems.

Both Green-Kubo and Non-Equilibrium Molecular Dynamics NEMD methods
can predict the overall thermal conductivity successfully, however they only
give limited insight to understanding the individual Phonon mode contribu-
tions.

From a computational cost perspective, both incorporation of MD and Green
functions based methods scale as O(N2) while using explicit DFT phonons
with Boltzmann Transport Equation (BTE) of 4th order finite displacements are
extremely costly to evaluate with scaling of O(N3) or worse. The combination
of AIMD and classical MD is very useful to calculate phonon lifetimes on larger
systems without the hindrance of cost from doing finite-displacement phonons.

In this thesis, we also explore the use of two methods for calculating force
constant matrix via the direct sampling method of MD trajectories by Kong and
the best-fitted force constant matrix, originally developed by Maradudin[9][10].
By making use of symmetry, the force constants are directly fitted from MD
trajectories.

An important contribution to lattice dynamics in this thesis is the phonon an-
harmonicity, which describes deviations from the ideal harmonicity. High tem-
perature enhances anharmonic contribution leading to strong phonon–phonon
scattering interaction which T = 0 FCM is no longer valid to capture suitable
interactions between atoms.

Phonon anharmonicity strongly influences the phonon scattering lifetimes; in
particular stronger anharmonic contributions lead to phonon-phonon scattering
having shorter scattering rates which reduces the ability of phonons to transport
heat as result of shorter mean free path of phonon-phonon scattering having
shorter lifetime.

Third order lattice dynamics via perturbation theory are required to capture
anharmonic contributions to Phonon modes as well as third and fourth order
FCM to fully calculate lifetime for phonon scattering processes which are com-
putationally expensive to compute for large bulk systems which are limited to
relatively simple cases. Both SED and mode decomposition method considers
anharmonic interactions.

The choice of lithium fluoride (LiF) to calculate the lifetime presents a challenge
for molecular dynamics because it is extremely ionic in nature and requires a
long range Coulomb term. Similarly LiF this is a particular challenge for ma-
chine learned interatomic potentials (MLIP) as these are short-ranged and often
do not account for long-range electrostatics. Whilst some information about
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Chapter 1 Introduction

long-range electrostatics is retained from learning DFT forces and energies, it
lacks the proper long-range decay of 1

r .

For non-DFT-based calculations, these long-range Coulombic effects must there-
fore be reintroduced, e.g. with Born effective charges supplemented from
DFT based calculation being used for the non-analytical term of the dynami-
cal matrix. Long-range interactions can also be added back using LAMMPS’
Coulombic solver via an Ewald summation and used as an alternative, if proper
care is taken to remove double counting of the long range Coulombic energy
solver and residual GAP interactions. As no non-analytical term was developed
in time for the submission of this thesis, the long-range effects are not included
here.

The initial search for a suitable LiF potential begins with Gaussian approxi-
mation potential (GAP) training, providing a much-needed convergence test
for the optimisation of our GAP model. The tests consist of independently
changing the descriptor cutoff, number of sparse points and the order of the
radial basis set expansion.

1.2 Thesis outline

Chapter 1 will outline the basis of this work, explaining why we care about
quasiparticle interactions and their important role in developing thermo-
electrics, as well as the key role they play in thermal transport.

Chapter 2 will introduce the fundamental framework on which all the density
functional theory simulations work, as well as develop an understanding of
how many-body interactions with phonons are needed to understand their
fundamental behaviour in transport.

Chapter 3 The whys and don’ts of running simulations in CASTEP and how
CASTEP works with different types of functionality, including how to train a
GAP MLIP and the different approaches of data generation.

Chapter 4 The results of density functional theory simulations for PbTe and LiF,
running LAMMPS Molecular dynamics simulations on LiF in and CASTEP to
extract phonon dispersions from MD methods. It will also develop key princi-
ples needed to get phonons from molecular dynamics. This chapter motivates
the theory section by explaining the choices and workflow for carrying out
computational simulations with TROM, a code used for the phonon lifetime
from MD.

Chapter 5 This section summarises potential directions for future work and
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discusses the challenges encountered during this project, offering constructive
insights on how to build upon the ideas developed throughout this thesis.
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Chapter 2

Theory

2.1 Many-Body Problem

Properties of elements and subsequent materials are controlled by interactions
of electrons and nuclei, the electrons from point point of view are orbitals which
are in turn mathematical functions which combined create bonding. In order to
understand the electronic structure of materials the use of quantum mechanics
in theory and simulation is a necessity. Studying interacting electron systems
consisting of electrons and nuclei for larger systems than a few atoms is very
difficult despite knowing the exact equations for solving their behaviour.

For a system consisting of Ne electrons and NN nuclei, we denote the electronic
coordinates by r1, . . . ,rNe and the nuclear coordinates by R1, . . . ,RNN . The many-
body Schrödinger equation then reads

Ĥ Ψ(R1, . . . ,RNN ,r1, . . . ,rNe) = E Ψ(R1, . . . ,RNN ,r1, . . . ,rNe). (2.1)

where the full electronic structure Hamiltonian is written out as

Ĥ =
NN

∑
I=1

p⃗2
I

2MI
+

Ne

∑
i=1

p⃗2
i

2m

+
1

4πε0

(
∑
i> j

e2

|⃗ri − r⃗ j|
+ ∑

I>J

ZIZJe2

|R⃗I − R⃗J|
−∑

i,I

ZIe2

|R⃗I − r⃗i|

)
= TN +Te +Vee(⃗r)+VNN(R⃗)+VNe(⃗r, R⃗).

(2.2)

Here TN and Te are the kinetic energies of the nuclei and electrons, and Vee(⃗r)+

VNN(R⃗)+VNe(⃗r, R⃗) describe the electron-electron, nuclei-nuclei, and electron-
nuclei potential terms. Both nuclei and electrons are treated quantum mechan-
ically. Solving the exact Hamiltonian is formidable due to the exponential
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Chapter 2 Theory

scaling of the many-body wavefunction. For example, on a given grid, the
computational cost scales as O

(
N3Nnuc+3Nelec

grid

)
. This exponential scaling rapidly

makes solving this problem intractable.

2.2 The Born-Oppenheimer approximation

The electronic wavefunction is parametrically dependent on the position of the
nuclei. We cannot separate the initial wavefunction into electron-dependent
and nuclei-dependent wavefunctions to solve the electronic eigenstates of the
electronic Hamiltonian without invoking a scheme to separate the two wave-
functions. here the total wavefunction of its electronic and nuclei parts.

ψ(RN ,Ne)≈ v(RN)nucψ(Ne)elec (2.3)

Further simplification is required to reduce the problem. Through the Born-
Oppenheimer approximation[11], which decouples the nuclei from the electrons
The mass of nuclei is far larger than that of electrons. When nuclei move, the
electrons respond instantaneously around them to remain in the same ground
state. The electrons can be approximated as moving in a potential energy
surface created from the instantaneous positions of the nuclei. Under the BO
approximation (2.3) is thus separable and holds.

Ĥe =−
N

∑
i

∇2

2
+V̂ext +

1
2

N

∑
i

∑
i̸= j

1
|ri − r j|

(2.4)

in atomic units, with the external potential being

V̂ext =−
M

∑
i

Zi

|RN − ri|
(2.5)

The Hamiltonian in Eq.(2.4) can be solved for any nuclear configuration to
obtain the electron eigenvalue equation.

The Born Oppenheimer approximation (BO) is justified since the nuclei are
sufficiently heavy that, to a good approximation, they can be treated as particles
with fixed positions relative to the electrons. As a result, the nuclear motion can
often be described by classical equations,full quantum-mechanical treatment of
the nuclei is unnecessary.

The Born–Oppenheimer approximation is valid for most systems in which
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nuclear displacements are small and electronic and nuclear motions remain well
separated. However, in certain systems non-adiabatic effects become important:
electronic and nuclear degrees of freedom are strongly coupled, and nuclear
motion can induce electronic excitations. In such cases, the Born–Oppenheimer
approximation breaks down and a fully quantum-mechanical treatment of both
electrons and nuclei is required.

2.3 Density Functional Theory

Density functional theory is used in almost every area of chemistry and physics
due to its ability to perform calculations with many hundreds of atoms. In
Density Functional Theory (DFT) we do have single-electron wavefunctions,
but we don’t need a full, correlated many-electron wavefunction in an attempt
to solve the rather complex many-body Hamiltonian. The advantage is that we
only consider a set of N equations one for each electron with 3 spatial degrees
of freedom each instead of 1 equation with 3N spatial degrees of freedom. [12]

The many-electron system can be described in terms of a single scalar quantity:
the electron density ρ(r), which gives the probability of finding an electron at
position r irrespective of the positions of the other electrons. For a closed-shell
system, the corresponding density operator is defined as

n̂(r) =
Ne

∑
i=1

δ (r− ri). (2.6)

n(r1) = ⟨Ψ|n̂(r1)|Ψ⟩= ∑
σ1...σN

∫
d3r2 . . .d3rN |Ψ(r1σ1, . . . ,rNσN)|2 (2.7)

The Hohenberg-Kohn (H-K) paper establishes the following proofs of the den-
sity. [13] There exists an invertible one-to-one map C which maps the ground
state external potential to the wavefunction

C : V → ψ (2.8)

If ψ is the set of all possible ground states |Φ⟩, there is a map which projects
onto each potential V corresponding ground state. Furthermore, there is a map
D that maps all ground state densities from some element belonging to ψ

D : ψ → n (2.9)

for a given wavefunction ψ direct mapping to the set of particle densities where
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the exact solution to the Schrödinger equation is known

CD : V → n (2.10)

The composition of both C and D are shown to be invertible and a unique one-
to-one mapping exists between the potential and ground-state densities, the
set of densities from the ground state is known as interacting v-representable
densities.

V Φ n

V1

V2

V3

|ψ1⟩

|ψ2⟩

|ψ3⟩

n1

n2

n3

Figure 2.1: Hohenberg-Kohn mapping.

(Hohenberg-Kohn) The density n corresponding to a non-degenerate ground
state specifies the external potential V up to a constant and the ground state
wavefunction |Ψ[n]⟩ up to a phase factor.

1. Any ground state expectation value corresponding to an observable Ô is a
functional of the density according to

O[n] = ⟨Ψ[n]|Ô|Ψ[n]⟩

2. The ground state energy of a system with a non-degenerate ground state and
an external potential v can be obtained from

E[n] = inf
n∈ρ

{∫
n(r)v(r)dr+FHK[n]

}

The universal functional FHK[n] includes T̂ is the total kinetic energy operator,
and V̂ee is the electron-electron interaction operator.

FHK[n] = ⟨Ψ[n]|T̂ +V̂ee|Ψ[n]⟩.

Theorem 1. (Hohenberg-Kohn) further showed that the density functional E[n] has a
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variational property where the ground state energy of the system is obtained through
minimisation of the functional concerning the ground state density.

min
ρ(rrr)

⟨Ψ|H|Ψ⟩= E[ñ]≥ E[ñ]

This scheme allows us to solve the ground state as a function of the density,
knowing the external potential. For our DFT minimization with the constraint∫

ρ(r)dr = N, where µ is simply a Lagrange multiplier we have:

δ

δρ(r)

(
E[ρ]−µ

∫
ρ(r)dr−N

)
= 0 (2.11)

which simplifies to:

δE[ρ]
δρ(r)

−µ = 0 (2.12)

Given that:
E[ρ] =

∫
ρ(r)v(r)dr+F [ρ]HK (2.13)

We obtain the Euler–Lagrange equation:

µ = v(r)+
δF [ρ]

δρ(r)
(2.14)

The Hohenberg-Kohn theorems constrain the search over n(rrr) where they are
said to be v-representable. Since many different Ψ can lead to many ρ we
first search over minimum such that we find Ψ → ρmin and hence now we
search for the lower bound ρ which minimises the HK energy functional. The
Hohenberg-Kohn theorems can thus be reformulated as the minimisation of a
v-representable density that minimises the energy to a set of N-representable
densities.

E0 = min
Ψ

⟨Ψ|T̂ +V̂ee +∑
i

v(ri)|Ψ⟩ (2.15)

= min
ρ

(
min
Ψ→ρ

⟨Ψ|T̂ +V̂ee|Ψ⟩+
∫

v(r)ρ(r)dr
)

(2.16)

= min
ρ

(
F [ρ]+

∫
v(r)ρ(r)dr

)
(2.17)

Due to the variational property of the 2nd Hohenberg-Kohn theorem, we do not
know the conditions for v-representable densities; the Lieb and Levy constraints
overcome this by searching over all states that are not mutually exclusive to
just the v-representable density, since many wavefunctions can lead to the same
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density. We only need to consider N-representable densities (i.e., those associ-
ated with an antisymmetric N-electron wavefunction Ψ). The v-representability
problem is eliminated, making the formulation easier.

µ = v(r)+
δF [ρ]

δρ(r)
(2.18)

= v(r)+
δT [ρ]
δρ(r)

+
δVee[ρ]

δρ(r)
(2.19)

2.4 Kohn-Sham equation

The Kohn-Sham formulation of [14] introduces an auxiliary system of non-
interacting electrons with a single Slater determinant that has the same electron
density as the interacting case. From the H-K theorem, the ground state density
will minimise the energy functional.

δ

δρ(r)

(
E[Vext(ρ)]−µ

∫
ρ(r)dr

)
= 0

The Lagrange multiplier µ is used to constrain the density N. The total energy
expression functional is separated into

E[Vext][ρ] = Ts[ρ]+EH [ρ]+EXC[ρ]+
∫

ρ(r)Vext(r)dr,

where EH [ρ] is the Hartree energy given by

EH [ρ] =
1
2

∫
drdr′

ρ(r)ρ(r′)
| r− r′|

(2.20)

and the exchange correlation functional EXC[ρ]

EEX [ρ] = T [ρ]−T [ρ]s +Vee[ρ]−EH [ρ] (2.21)

where T [ρ] is the interacting kinetic energy operator and T [ρ]s the non inter-
acting kinetic energy operator for the electrons. Minimising the Kohn–Sham
energy expression

E =
∫

ρ(r)v(r)dr+Ts[ρ]+EH [ρ]+EXC[ρ] (2.22)

With respect to the density ρ(r) (subject to fixed N), it gives the Euler equation:

µ = veff(r)+
δTs[ρ]

δρ(r)
, (2.23)

24



Chapter 2 Theory

where
veff(r) = v(r)+

δJ[ρ]
δρ(r)

+
δEXC[ρ]

δρ(r)
. (2.24)

where v(r) is the external potential, J is coulomb term and EXC is the exchange
correlation functional

Equation (2.23)—which yields the exact density of the system—is just the con-
ventional DFT Euler equation:

µ = v(r)+
δT [ρ]
δρ(r)

+
δVee[ρ]

δρ(r)
. (2.25)

when non interacting kinetic functional Ts[ρ] = T [ρ] and Vee[ρ] = 0 we have
established that VKS(ρ) and the density is equal ρs = ρ as depicted in figure 2.2

Figure 2.2: Kohn-Sham picture

Interacting System

ρ(r)

Kohn-Sham System

The particles are non-interacting and therefore separable; the independent N-
particle Hamiltonian of the auxiliary system can be written as the sum of N
single-particle Hamiltonians.[

−1
2

∇
2 + v(r)+

δJ[ρ]
δρ(r)

+
δEXC[ρ]

δρ(r)

]
φi(r) = εiφi(r), (2.26)

where φi are single-particle wavefunctions are known as Kohn-Sham orbitals,
and the density of the Kohn-Sham system is given by

ρ(r) =
X

∑
i=1

φ
∗
i (r)φi(r). (2.27)

The kinetic energy is given by:

Ts[ρ(r)] =−1
2

N

∑
i=1

∫
dr φ

∗
i (r)∇

2
φi(r). (2.28)

The Kohn-Sham equation forms an analogue of the one-particle Schrödinger
equation, where the exact density can be found by solving the Kohn-Sham ef-
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fective potential. Unfortunately, the exchange-correlation and Hartree function
are dependent on ρ(r) and the ground state density cannot be calculated with
an analytic solution. A self-consistent approach is used whereby some initial
guess of the density ρ in is used to solve ĤKS[ρ

in]φi(r) = ε[ρ]φi(r) until ρ in = ρout

where ρout is self-consistent density.

2.5 Theory of Lattice Dynamics

Lattice vibrations are described using quasi-particles called phonons, which are
collective oscillations at a given frequency. We define the atomic positions as
displacements u from their equilibrium positions Ri at lattice vector τττ i.

ri = Ri + τττ i +ui.

As the ions are displaced by this vibration, this will cause a change in the poten-
tial of the lattice, which can be described through a Taylor series expansion of
the potential energy, U , where the derivatives Φ are taken about the equilibrium
positions.

U({u}) =U0 +∑
i

∑
α

Φ
α
i uα

i +
1
2! ∑

i j
∑
αβ

Φ
αβ

i j uα
i uβ

j +
1
3! ∑

i jk
∑

αβγ

Φ
αβγ

i jk uα
i uβ

j uγ

k + . . .

(2.29)
If nuclei are treated classically, the problem is reduced to a set of coupled

Figure 2.3: 2nd and 3rd order force constants.

equations. Which, in a more compact form, can be written as

üimi =−∑
R

Φi j (R)u j. (2.30)

26



Chapter 2 Theory

ui =
1

√
mi

∑
q

Aqεεε
i
qei(q·R−ωt). (2.31)

Here, the displacements are expressed as a sum of plane waves, or normal
modes, each with wave vector q and frequency ω and ε is a polarisation vector
and the normal mode amplitude Aq. Substituting this into the eigenvalue
equation using the orthogonality of plane waves gives,

ω
2
qεεε

i
q = Φ(q)εεε i

q (2.32)

The dynamical matrix is a 3N ×3N block matrix consisting of 3×3 submatrices.
For a supercell containing n primitive cells, the corresponding force-constant
matrix (FCM) has dimensions of 3nN ×3nN, where N represents the number of
atoms per primitive cell.

Φ(q) =


Φ11(q) · · · Φ1N(q)

... . . . ...
ΦN1(q) · · · ΦNN(q)

 (2.33)

More explicitly, each sub-matrix is defined as the Fourier transform of the
second-order force-constant matrix:

Φi j(q) = ∑
R

Φi j(R)
eiq·R

√mim j
(2.34)

It can be shown that the dynamical matrix is Hermitian, so the eigenvalues ω2

are real, as the dynamical matrix is fully diagonalisable for any wavevector q.

The eigenvectors (eq j) and eigenvalues (ω2
q j) of the dynamical matrix evaluated

at a particular wavevector q then correspond to the eigenmodes of vibration of
the crystal for that wavevector.

2.5.1 Harmonic approximation

Lattice dynamics derived from section 2.5 assumes the Describing the atomic
motion as small oscillations near the equilibrium configuration. Writing down
a second-order term representing the total potential felt by the ions is known
as the harmonic approximation[15]. The first term is simply the energy when
the ions are at equilibrium. The second term is the derivative with respect to
atomic displacements, where, in equilibrium, the forces are zero. The third term
is the second derivative with respect to atomic displacements, as given in this
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equation. In most cases, the higher-order terms such as the 4th and 5th order
terms are neglected, and the expansion is truncated to a quadratic 2nd-order
term whose force constant matrix (FCM) expresses the constant proportionality
between displacements and forces.

U({u}) = 1
2! ∑

i j,αβ

Φ
αβ

i j uα
i uβ

j

∣∣∣∣
eq

By solving the harmonic case, the solutions are easily solvable for each phonon
mode, in which case there are 3N where N is number of atoms of these that can
be treated as a set of harmonic oscillators. The harmonic approximation works
very well, practically. The approximation is sufficient to extract the phonon
dispersions from DFT calculations and quasi-harmonic properties.

Figure 2.4: Simple case of harmonic and anharmonic potential wells where the
PES has been effectively perturbed.

2.5.2 Anharmonic Phonons

Phonons within the harmonic approximation are non-interacting, leading to
infinite scattering. Therefore, anharmonic phonons are a temperature depen-
dent quantity which contributes to the true energy landscape of higher-order
perturbation terms in the expansion about the Taylor series.
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U({u}) = 1
2! ∑

i j,αβ

Φ
αβ

i j uα
i uβ

j

∣∣∣∣
eq

+
1
3! ∑

i jk,αβγ

Φ
αβγ

i jk uα
i uβ

j uγ

k

∣∣∣∣
eq

+
1
4! ∑

i jkl,αβγδ

Φ
αβγδ

i jkl uα
i uβ

j uγ

kuδ
l

∣∣∣∣
eq

+ . . .

ω

Harmonic

ω

ω ′

ω ′′

Three-Phonon

ω

ω ′

ω ′′

ω ′′′

Four-Phonon

First-principles Boltzmann transport is built from a phonon scattering picture
based on Fermi’s golden rule.[16] In this picture, intrinsic phonon-phonon
interactions are derived from perturbations of the harmonic Hamiltonian.

In a three-phonon scattering process, the phonon undergoes several annihilation
and creation events, where a phonon is annihilated, and two phonons are
created, the annihilation of two phonons with the creation of another and the
creation of three phonons and the annihilation of three phonons. The latter
two would violate momentum conservation, but are included as part of the
interactions over all possible three-phonon scattering events.

H3 =
1
3! ∑

q,q′,q′′
∑

j, j′, j′′

h
2
3

2
3
2 N

1
2

Φ(q j,q′j′,q
′′
j′′)
√

ωq jωq′
j′
ωq′′

j′′
δq+q′+q′′,G

×(a†
−q j

+aq j)(a
†
−q′

j′
+aq′

j′
)(a†

−q′′
j′′
+aq′′

j′′
)

(2.35)

where Φ(q j,q′′j′,q
′′
j′′) is the three-phonon matrix element obtained from the cubic

force constants by Fourier transform, q,q′,q′′ are the wave vectors of the three
phonons involved in the process, and G is the reciprocal lattice vector. The
δ -function guarantees momentum conservation in these processes. The last
three terms of the three-phonon process represent the different processes of the
creation and annihilation of the three phonons; this is just to keep track of the
number of phonons during the process.
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2.6 Phonons from Molecular Dynamics

Molecular Dynamics (MD) provides an alternative to extracting phonon prop-
erties from a quasi-harmonic lattice dynamics simulation. The Lennard-Jones
potential (LJP) model may be used to approximate the PES in 1D. Through MD
runs, we can analytically derive force constant k by taking derivatives of LJP
up to third order in a simple Taylor series expansion and fitting the coefficients
of ε and σ of a Lennard-Jones potential.

U(r) = 4ε

[(
σ

r

)12

−
(

σ

r

)6]
(2.36)

where ε is the depth of the potential well, σ is the interatomic distance at which
the potential is zero. Taking the nth derivative dnU

drn expressed by the Taylor
series expansion of the equation above, will yield the force, and the second
derivative will give us the force constant k, and the third derivative is the
anharmonic component.

To determine the equilibrium separation r0, we first find the interatomic force
by differentiating the potential V (r) with respect to r, yielding F(r) = −dV (r)

dr .
The equilibrium condition requires the net force to be zero, F(r0) = 0. Solving
this equation yields the equilibrium distance r0 = 21/6σ .

We then evaluate the Taylor expansion of the potential around this equilibrium
distance. The effective force constant k is obtained from the second derivative
of the potential evaluated at r = r0, given by

k =
d2V (r)

dr2

∣∣∣∣
r=r0

.

Finally, the vibrational frequency ω is related to this force constant and the
atomic mass by ω =

√
k/m where m is the atomic mass, and a is the lattice

constant.

ω =

√
2×1512ε

mx3
0

∣∣∣∣sin
(

ka
2

)∣∣∣∣ (2.37)

To illustrate, using a simple pair potential derived from the MD data of a 1D
chain H2 dimer as the simplest working example. Numerically, this works
out well since calculations performed at 0 K with DFT require perturbation
corrections for volume and temperature effects, whereas the MD contains such
effects that are absent in the DFT. Induced changes on the PES will result in
differences in the lattice dynamics.
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Figure 2.5: The effect of temperature is that the phonon branches have become
softer.

2.6.1 The Kong Method

Any fitted interatomic potential can be used to calculate The force constant
matrix, provided the correct forces and energy are properly converged for direct
sampling of modes. The Kong method[17] developed and merged with the
LAMMPS package[18] calculates the average displacement correlation function
that is the inverse of the force constant matrix.

MD simulations incorporate thermal effects through the explicit sampling
of numerous configurations of atomic vibrations in phase space. Statistical
sampling over a large set of different configurations generated at each time step
represents a linear combination of the phonon eigenmodes in the system.

Figure 2.6: Phonon modes contained within an average of sampled configura-
tions represent a linear combination of phonon modes.
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Gig = β ⟨uiu j⟩= [Φ−1]i j, (2.38)

where β = 1
kBT and ⟨...⟩ is the ensemble average.

The correlation function in thermal equilibrium over the distribution of dis-
placements is written out fully as

Gi j = ⟨uiu j⟩=
∫

du1 · · ·duN uiu j e−βV∫
du1 · · ·duN e−βV

=
1
Z

∫
duuiu j e−βV (2.39)

For a harmonic potential of the form

V harm =
1
2

Φklukul, (2.40)

The partition function is

Z =
∫

du1 · · ·duN exp
(
−β

2
Φklukul

)
(2.41)

We now compute the derivative of lnZ with respect to Φi j, knowing the relation.

−∂ lnZ
∂Φi j

=− 1
Z
· ∂Z

∂Φi j
(2.42)

Using the standard integral solution for a Gaussian now yields the final solution

Gig = β ⟨uiu j⟩= [Φ−1]i j (2.43)

Restating the correlation function as a function of atomic positions makes
it easier to measure the atomic positions rather than the displacements, as
implemented in LAMMPS.

G̃α,β (q) = ⟨ũα(q)ũ∗β (q)⟩

=
〈[

R̃α(q)− R̃0
α(q)

][
R̃β (q)− R̃0

β
(q)
]∗〉 (2.44)

For a very strongly anharmonic force component, the third-order perturbative
approach assumes that the anharmonic correction is small enough to be justified
as a perturbation; however, this can be achieved through DFT with supercell
perturbations These calculations are computationally expensive with the fourth-
order force constants, as system size introduces practical limitations.

Whilst perturbative expansions tend to be the standard way of performing
these calculations, the FCM at T = 0 is not a good approximation to the true

32



Chapter 2 Theory

temperature effective as the force constant matrix a T = 0 breaks down for very
anharmonic materials, leading to an overestimation of Phonon lifetime and
hence thermal conductivity. Molecular dynamics benefits from having all the
physical effects of temperature without having to do small perturbations to
correct this.

In the phonon picture, sampling of many different displacement configurations
is needed to converge the FCM; this depends on the potential used and how
well the interactions are captured within the system. This may range from a
few million timesteps to much more, for which a full AIMD calculation simply
would not be an efficient way of producing that many timesteps needed to
converge the FCM through the Kong method.

2.6.2 Symmetrization of FCM Method

The limitation of the Kong Method is the need for long trajectories and large
supercells supercells. Getting the force constant matrix from DFPT or finite
displacement ensures that the symmetry operation is enforced by the two
sum rules discussed in the phonons section. Within any of the MD formalisms
discussed, they lack the appropriate symmetry. To impose symmetry constraints
on the FCM is very difficult because you are essentially random sampling
displacement configurations where there is no simple physics which could
enforce symmetry on totally randomised structures.

A method devised by Hellman[19] to achieve a symmetrised force constant
matrix was to create a harmonic model from sampling an MD trajectory and
find the best FCM that minimises the error in the MD forces and those derived
from the FCM. This then means that the FCM includes the anharmonic and
finite T T effects to higher order terms in the Taylor series expansion.

With the Kong method needing many timesteps to converge the FCM cor-
rectly this method relies on direct sampling and fitting FCM via least squares
approach.

By enforcing translational and rotational invariance rules back into FCM from
adding symmetry back into FCM to correct this, we now gain a huge advantage
because we can reduce the number of equivalent positions of ions, speeding up
the time required to calculate higher-order FCM through

S2 = ∑
t,i

1
Nt

∣∣∣F(t)
i − F̃(t)

i

∣∣∣2 (2.45)
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where F̃(t)
i are the forces from the optimal best fitted FCM.

F̃(t)
i = ∑

j
φi j u(t)j ,

Calculating phonon dispersions using ab initio molecular dynamics (AIMD)
is computationally costly. Extracting accurate phonon properties requires ex-
tensive sampling over long simulation times and large supercells to capture
all vibrational modes. Because AIMD evaluates the electronic structure at ev-
ery single time step, its computational cost scales O(N3

elec) with the number of
electrons.

Consequently, the simulation time is heavily reliant on the chosen system; for
instance, a compound like PbTe possesses significantly more electrons than
LiF, making AIMD more expensive and entirely impractical for generating the
necessary trajectory lengths.

To overcome this, classical molecular dynamics forcefields are used to drasti-
cally reduce the computational cost. Therefore, Machine Learning Interatomic
Potentials (MLIPs) offer an optimal compromise. By training with on-the-fly
AIMD or regular AIMD data over few thousand configurations, MLIPs can
reproduce very accurate ab initio forces and energies with suitable for studying
phonon properties while evaluating at a fraction of the computational cost.

2.6.3 Phonon Dispersions of Si

A simple Tersoff potential for Si is used as an example to predict the phonon
dispersion through the extraction of the force constant matrix (FCM) from
molecular dynamics simulations. The direct sampling of MD trajectories, as
proposed by Kong, is slower to converge the FCM but yields highly accurate
results given sufficiently long MD runs. However, this approach requires ex-
tensive computational time. In contrast, the symmetrization method converges
much faster, eliminating the need for long trajectory runs. However, it can be
less accurate.

Because this method relies on regression to approximately fit the force constant
matrix, its accuracy degrades when the system exhibits strong anharmonicity.
Specifically, the harmonic regression struggles to capture the true potential
energy surface when there are large fluctuations in the atomic forces, leading to
significant fitting errors.
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Figure 2.7: Comparison of phonon band structures calculated using DFPT and
Symmetrization method/Kong where the MD uses a Tersoff potential.
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2.7 Phonon Lifetimes

The phonon self-energy (∆) Σ = ∆+ iΓ consists of two parts, real (∆) and imagi-
nary (iΓ) parts, where the lifetime due to phonon-phonon scattering is related
to the imaginary part. The imaginary part is calculated using the Fermi golden
rule, which calculates the probability of phonon-phonon scattering[20].

Γλ =
ℏπ

16 ∑
λ ′λ ′′

|Φλλ ′λ ′′ |2
[
(nλ ′ +nλ ′′ +1)δ (ωλ −ωλ ′ −ωλ ′′)

+2(nλ ′ −nλ ′′)δ (ωλ −ωλ ′ +ωλ ′′)
] (2.46)

Φλλ ′λ ′′ is the Phonon-phonon scattering matrix elements over three phonon
processes as in (2.35); the terms on the RHS of this equation are to keep the
number of processes conserved in the continuum of states.

The lifetime associated with this process is just equal to the reciprocal of τ

1
τλ

= 2Γλ , (2.47)

The real part (∆) is defined by the Kramers-Kronig relations and is the real
energy shift.

∆ = P
1
π

∫
Γ(ω)

ω −Ω
dω. (2.48)

where we use (Ω) to distinguish this energy from the eigenvalues of the dynam-
ical matrix, (ω). In a non-interacting harmonic system, phonons have an infinite
lifetime due to the absence of phonon-phonon scattering. This results in a Dirac
delta function as the broadening parameter, Γ, is zero, and there is no energy
shift. In contrast, an interacting system has a finite phonon lifetime, where Γ

represents the broadening of the phonon peak at a given energy. The full width
at half maximum (FWHM) of this peak is directly related to the phonon lifetime.

According to Matthiessen’s rule, the total phonon scattering rate is the sum
of rates from different scattering mechanisms, not limited to phonon-phonon
interactions. This has important implications for the reliability of calculated
phonon lifetimes.

In an ideal, defect-free crystal, the absence of defect-induced scattering will
impact the lifetime. However, materials at finite temperature have lattice
imperfections and anharmonic effects. All of these factors affect the phonon
lifetimes and frequencies, necessitating a renormalisation of phonon modes to
account for temperature-induced changes.
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2.8 Phonon Lifetimes through MD of Si

2.8.1 Mode Decomposition

There are also several equivalent ways in MD [21] to obtain the lifetime. The
Energy correlation function <Eq(0)Eq(t)>

<Eq(0)Eq(0)>
, where energy E represents the total

energy of each phonon mode q, consists of KE and potential parts. Computing
the exponential decay of the correlation function gives the lifetime.

⟨Eq,ν(t)Eq,ν(0)⟩
⟨Eq,ν(0)Eq,ν(0)⟩

=

∫
∞

0 Eq,ν(t ′+ t)Eq,ν(t ′)dξ∫
∞

0 Eq,ν(t ′)Eq,ν(t ′)dt ′
= e− t/τq,ν (2.49)

With the exponential decay from the total energy decomposition of the modal
energy. Here, we have used silicon to show proof of principle.

Ek,ν(t) =
ω2

ν |qν(t)|2

2
+

|q̇ν(t)|2

2

Figure 2.8: Total mode-resolved energy and velocity autocorrelation functions
of Si at Γ simulated for 300ps at 300K using NVT.

Likewise The projected velocity, <Vq(0)Vq(t)> autocorrelations is proportional
to Aqcos(ωqt)e(−t/2γq). So, a single fit can give us both frequency, ωq, and lifetime,
γq. Finally, the best way to extract the information is via the power spectrum of
the velocity autocorrelation function:

Gq(ω) =

∣∣∣∣∫ ∞

0

〈
Vq(0) ·Vq(t)

〉
eiωtdω

∣∣∣∣2 (2.50)

While it seems easy enough to extract information from this analysis, it is actu-
ally quite difficult to get the lifetime from these calculations. Autocorrelations
must go to zero; you see oscillations at the tail. This is because slower modes
require longer data to show a proper decay. So, you need a different set of
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data with a different ∆t or dump-interval to sample each one of them properly.
If you explore the q points and different modes, you can easily find that some
correlation functions didn’t converge. Because of this, other pictures are usu-
ally considered, especially those in the frequency domain. For example, the
projected velocity correlation function

Figure 2.9: power spectrum of Si and fitting via Lorentzian function at Γ peak.

The choice of the Lorentzian function comes from time-dependent-normal mode
coordinate for an anharmonic system, i.e the lowest order interacting phonon-
phonon scattering which leads to a lifetime. The Fourier transform of equation
2.49 leads to a Spectral Energy Density SED of the form of a Lorentzian.[22] [23]

(a) Lifetime scattering points for mode de-
composition for all q.

(b) Phonon lifetime scattering of Si and
fitted data via Velocity Autocorrelation
function at Γ.

Figure 2.10: Phonon lifetime scattering points via two different methods

Figure 2.10 illustrates the distribution of phonon lifetimes as a function of
frequency for silicon at 300 K. The multiple data points observed at any given
frequency are a direct consequence of the phonon dispersion relation, ω(q,s).
Because the frequency depends on both the wavevector q and the branch index
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s, many distinct phonon modes can possess the same frequency ω . However,
because the phonon-phonon scattering phase space depends strictly on the
specific q and s of the mode, each of these distinct states experiences a different
scattering rate, resulting in a distribution of lifetimes for a single frequency
value.

The corresponding number of phonon-phonon scattering events for any given
frequency is shown in Figure 2.10(b). While evaluating scattering events specifi-
cally at the Γ point is sometimes used as a simplified approximation, computing
the full autocorrelation functions for all modes across the Brillouin zone is
computationally expensive and can quickly exhaust available memory. To over-
come this bottleneck, we employ the mode decomposition method alongside
the velocity autocorrelation function to efficiently extract the mode-resolved
lifetimes without requiring prohibitive computational resources.

2.8.2 Spectral Energy Density (SED)

The spectral energy density (SED) is obtained by projecting the atomic positions
in a crystal onto the normal modes of vibration [22]. The contribution to the
normal mode amplitude arises from the atomic displacement ua,i(t), which
represents the displacement in the unit cell. The total SED function does not
depend on the eigenvectors, which include the lifetime and frequencies directly
from MD.

Figure 2.11: Spectral Energy Density of Si with fitting of Lorentzian function at
Γ

Ω(q,ω) =

∣∣∣∣∣ 1
4πt0N ∑

a
ma

∫ t0

0
∑

i
u̇a,i(t)eiq·ri−iωt dt

∣∣∣∣∣
2

The Spectral Energy Density method offers an alternative approach that does
not rely on these force constants and can extract both frequencies and lifetimes,
but it also becomes less accurate at elevated temperatures. By combining both
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methods into a single workflow, many of these limitations can be reduced,
resulting in more reliable predictions across a wider temperature range.

Figure 2.12: Phonon lifetime scattering points of Si.
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Methodology

3.1 CASTEP

3.1.1 Bloch’s Theorem

Density functional theory (DFT) calculations were performed using the CASTEP
program[24] (which uses a plane wave basis) to calculate the properties of
materials. Several properties can be calculated using CASTEP, in particular,
interest is in vibrational properties such as phonon properties and MD.

Plane-wave basis sets are chosen to best describe the wave function in the
periodic cell but as Kohn-Sham theory scales as O(N3) it puts a practical limit
on the number of atoms in the system. CASTEP deals with periodic boundary
conditions for many infinitely repeating cells, which are generally made up of
a basic repeating unit cell, where even molecular systems are put in a box by
representing a crystal-like system with an infinite number of translations in all
directions.

Bloch’s theorem allows the electron wavefunction can vary from one unit
cell by a phase factor a more mathematical approach to Bloch’s theorem is
derived from the idea that the commutator of the Hamiltonian H and translation
operator T , [H,T ] = 0, commutes, such that both T and H share an eigenbasis
of the Hamiltonian, which is proven by the set of compatible observables. This
guarantees that the Hamiltonian and the electron density are guaranteed to be
also periodic.

ψbk(r) = ubk(r)eik·r (3.1)

Where the plane wave has a phase factor with wave vector k extended over the
1st Brillouin zone, and ubk(r)describes the cell periodic function.
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3.1.2 Plane Wave Basis

The cell periodic function in which we calculate the Kohn-Sham states of ubk(r)

essentially describes the periodicity of the unit cell, where in k-space we best
describe this as a Fourier transform of the potential.

where
un(r) = ∑

G
cG,nei(k+G)·r

whereGis a reciprocal lattice vector defined as G ·L = 2πn, where L is the primi-
tive vector of the unit cell. In principle, an infinite number ofGvectors is needed
to fully express the Bloch function.

ψbk(r) =
|k+G|≤Gcut

∑
G

cGbk eiG·r.

Where ψbk is the wavefunction that describe a k point of an state b, in which a
cut off is used Gcut =

√
2Ecut to describe number of plane waves that with kinetic

energy to sufficiently describe the system as the input is used to determine the
basis set size without loss of accuracy beyond the cutoff range. The Fourier
coefficients cGn become small whenGis large, and the series can be truncated.
Thus, we form a basis set with plane waves with a wavelength less than the
maximum value of G.

Plane-wave basis sets are chosen to accurately describe the electronic wavefunc-
tions within a periodic unit cell. By invoking Bloch’s theorem, the infinitely
repeating crystal structure can be modelled by evaluating a finite number of
k-points within the first Brillouin zone. Within this framework, the Kohn-Sham
wavefunctions are expressed as a linear combination of plane waves. Because
this expansion theoretically consists of an infinite number of plane waves, it
must be truncated in practice to remain computationally feasible. This trunca-
tion is controlled by a kinetic energy cut-off, Ecut, which restricts the basis set to
plane waves with kinetic energies below Ecut. Consequently, the total energy of
the system converges as the energy cut-off (which determines the number of
plane waves) and the number of k-points are systematically increased.

3.1.3 Pseudopotentials

The implementation of a plane wave basis set is achieved by using pseudopo-
tentials. The external potential which nuclei acts upon electrons is defined
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as

V̂ext =−
M

∑
i

Zi

|RN − ri|
(3.2)

where this was previously defined at beginning of section 2.2. As r → 0, the
potential goes to infinity meaning a very large number of plane waves is needed
to describe the innermost core electrons, which makes it impractical. Hence a
weaker “pseudopotential” is introduced by including all the effects of the nu-
cleus and the innermost core electrons into a potential which can be represented
by a small number of Fourier coefficients for each ion. Both nuclei and core
inner electrons are treated as static and not involved in chemical bonding, while
only the nuclear effective potential in the region close to the nucleus changes
for respective elements.

Within CASTEP, two different types of pseudopotential exist: ultra-soft pseu-
dopotentials (USP), and norm-conserving pseudopotentials (NCP). CASTEP
can generate also generate either form of pseudopotentials on-the-fly (OTF).
There are sets of well-tested and converged pseudopotentials for the majority
of elements in the periodic table from various different DFT codes, which can
be found on the website which provides a ranking of updated pseudopotentials
[25].

For example the figure below are of NCP for Pb showing the difference between
different wavefunctions, pseudo wavefunctions and the local potential which
behaves as Z

r , which is the bare nuclear potential.

Norm-conserving pseudopotentials are required to have normalization of the
valence wavefunction near the nuclei or local region such that square prob-
ability amplitude of the pseudo-wavefunction is equal to the corresponding
wavefunction in an all-electron calculation. This ensures the scattering of any
particular state is the same in a pseudopotential calculation.

By using pseudopotentials as the external potential in the Kohn-Sham equations,
we dramatically reduce the number of electron states that need to be explicitly
calculated, since we only retain the outer valence electrons involved in bonding.
Furthermore, the resulting pseudopotential varies smoothly near the nuclear
core, requiring fewer plane waves to converge and significantly reducing the
computational cost.

43



Chapter 3 Methodology

Figure 3.1: Pseudopotential vs bare nuclear potential

Figure 3.2: Pseudo-wavefunctions for a lead pseudopo-
tential for different angular momentum channels. The
solid lines show the pseudo-wavefunctions and the
dashed lines show the all-electron wavefunctions.
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3.2 Types of calculations

3.2.1 Geometry optimisation

To achieve a high level of precision required for phonon calculations, a geom-
etry optimisation has to be carried out. The force each ion feels is minus the
derivative of total energy with respect to position. Such that the forces on the
ions are relaxed and are zero.

The electronic energy is minimised between self-consistent field (SCF) steps
until change in energy falls below the convergence tolerance. As a general part
of CASTEP, the calculation of the net force on each ion includes an adjustment
such that the centre of mass force is zero. In terms of phonon calculations,
structures that are not well-geometry optimised will yield imaginary frequency
modes, indicating instabilities in the system.

Having a relaxed structure is important whenever the exchange correlation
functional or the pseudopotentials need to be changed. For example, a non-
relaxed structure from Local density approximation LDA and Perdew-Burke-
Ernzerhof PBE exchange functionals has the effect of a small potential barrier.

Figure 3.3: Effect of changing XC functional on a structure. The original PbTe
structure was optimized using LDA, and then the effect of displacing one atom
of Te and calculating the force on Pb is shown. The structure is now clearly
unstable.
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3.2.2 Phonons

Figure 3.1 illustrates the significance of structural relaxation within the system.
It’s essential to note that not all structures will necessarily have a single potential
well, particularly when examining materials that undergo phase transitions at
T = 0 when small displacements are applied. This is particularly important for
phonon calculations. Negative frequencies lead to imaginary phonon modes
that lower systems energy this usually indicate the structure in its ground state
is unstable with respect to a phonon mode when qqq = 0 the phonon eigenvectors
should go to zero as enforced by Acoustic sum rule which is clearly moving in
a direction that breaks translational symmetry.

−ων(q) = i |ων(q)| (3.3)

For example, SnS in the Cmcm phase is unstable and has imaginary frequency
modes due to the distortion of its structure, which usually indicates a small
energy barrier between the phases of its symmetry.

Figure 3.4: Phonon dispersion curves for the Cmcm phase of SnS calculated
using the finite displacement method. The presence of imaginary frequencies
(negative values) at the Γ point indicates that this phase is dynamically unstable.

CASTEP can natively do phonons either through DFPT or finite displacement.
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The DFPT method relies on the key parameter ∂n(r)
∂λ

, the first-order density
response. In general, the Wigner derivative follows the 2n+1 derivative of
energy, which depends only on derivatives ∂V (r)

∂λ
up to order n of the charge

density[26].
∂ 2E
∂λ 2 =

∫
∂V (r)

∂λ

∂n(r)
∂λ

dr+
∫

n(r)
∂ 2V (r)

∂λ 2 dr (3.4)

The finite displacement method is a numerical approach for calculating the
Force Constant Matrix (FCM), in which an atom is displaced in both positive and
negative directions, and the resulting force sets are evaluated The amplitude
for a harmonic displacement is 0.01Å which can be changed depending on
specific nature of the material such as those which possess strong anharmonic
contribution.

dFκ,α

du
≈

F+
κ,α −F−

κ,α

2u
(3.5)

These calculations computationally grow with system size, placing restric-
tions on what this method can achieve. DFPT only requires a primitive cell,
whose dynamical matrix can then be interpolated onto a finer q-point grid,
thereby reducing the need for large supercells for finite displacement. How-
ever, both finite displacement and DFPT phonon calculations require very fine
geometry optimisations, with an approximate SCF electronic force tolerance
of 0.001 eV/Å. While the finite displacement method only works at q = 0,
the user has the freedom to choose which XC and pseudopotential, whereas
DFPT can calculate responses to different q points q ̸= 0 . However, in CASTEP
25.11, the implementation of DFPT is for norm-conserving pseudopotentials
only. The choice of the supercell size will depend on the force constant matrix,
that decays with interatomic distance. The radius that encompasses the cell
is chosen such that interactions are contained within a certain size supercell,
given a cut-off radius, that is negligible for r > Rc. Interactions in the solid
ultimately affect the range of FCM. Typical solids with high ionic character
tend to have short-range effects, while those with low ionic character (more
covalent) exhibit long-range interactions. The choice of the q-point grid needs
to be sufficiently large to capture these effects in the FCM. This is handled by the
fact that interatomic force constants are translated from one position to another,
i.e there is no displacement or restoring force that the atoms feel. Leading to
the following invariance sum rules, which apply to the force constant matrix
and the Born effective charges.

∑
L, j

Cαi,β j(RL) = 0 ∀α,β , i,

∑
j

Z∗
j,αβ

= 0 ∀α,β .
(3.6)
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The first is the acoustic-sum rule, which ensures the dynamical matrix Cαi,β j(RL)

where RL is a lattice point in which translations are invariant, guaranteeing
that translational symmetry is applied. The second sum rule guarantees charge
neutrality, i.e the sum of the Born effective Z∗

j,αβ
charges of all atoms in one cell

must vanish.

3.2.3 Molecular Dynamics

Consider a system of N interacting particles with time-dependent positions
ri(t) and velocities vi(t). The interactions between these particles are governed
by a multidimensional potential energy function, U(r1,r2, . . . ,rN). Within the
framework of the Born-Oppenheimer approximation, this function defines the
potential energy surface (PES), which maps the total energy of the system for any
given nuclear configuration. As the particles evolve dynamically and change
their positions, the system moves across this surface, with the local gradients of
the PES generating the forces that dictate their subsequent trajectories.

Classical Molecular Dynamics solves the classical equations of motion given by

Fi = m r̈(t) =−∇U(r1, . . . ,rn) (3.7)

For a given set of coordinates evolving by discrete jumps of time where each in-
terval δ t is known as the timestep, and this represents the continuous trajectory
propagating in time. Such an algorithm exists, known as the Verlet algorithm,
which is widely used due to its computational efficiency in terms of memory.

ri(t +δ t) = 2ri(t)− ri(t −δ t)+
1
mi

fi(t)δ t2 +O(δ t4) (3.8)

The simplest approximation for the interatomic potential is of the form given
by summation over all pairs of atoms i and j in configuration space.

U(rN) =
1
2

N

∑
i=1

N

∑
j=1

Ui j(rr j) (3.9)

Since the exact potential energy surface (PES) is only found via direct minimiza-
tion of the full quantum mechanical expectation value of electronic hamiltonian
⟨H⟩. We have seen that the exact form of the PES can be approximated with
other force fields.

However, approximations are necessary for classical MD since it is impossible
to determine the precise form of the PES in the system. To approximate the PES
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one can make use of classical potentials

Which is commonly a two-body potential, which may for example be a Lennard-
Jones potential. The highest cost is the evaluation of this potential, such as its
derivatives ∇U(r1..rn), to compute energy and give the forces, which are usually
the largest part of the computation in an MD simulation.

Figure 3.5: Classical 6/12 Lennard-Jones potential for argon.

Evaluating the derivatives of the potential energy to obtain the atomic forces
naively requires calculating all pairwise interactions, resulting in a compu-
tational cost that scales as O(N2). However, for most empirical interatomic
potentials, the pairwise interactions decay rapidly and approach zero beyond a
specific cut-off distance, rcut. By truncating the potential at this distance, the
computational cost is drastically reduced to O(N). This is because each atom
only interacts with a finite number of neighbors defined by the cut-off distance,
ensuring the number of interactions scales linearly with the total number of
atoms N.

To execute these classical molecular dynamics (MD) simulations efficiently, we
employ LAMMPS (Large-scale Atomic/Molecular Massively Parallel Simulator)
[18]. Written in C++ and optimized for parallel computation via MPI, LAMMPS
features a modular architecture that facilitates the implementation of custom
potentials and features. While first-principles methods are typically restricted
to systems of a few hundred to a hundred thousand atoms due to their steep
computational scaling, classical MD codes like LAMMPS can easily handle
systems containing billions of atoms. This linear scaling enables the study of
large-scale bulk heterostructures and microstructural features, such as grains
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ranging from nanometers to micrometers in size.

CASTEP supports both classical molecular dynamics (MD) and full ab ini-
tio molecular dynamics with Born–Oppenheimer molecular dynamics (BOMD),
where the forces are calculated from the ground–state electronic configuration
at each MD step. Within the CASTEP MD module, the NVE, NVT, NPH, and
NPT ensembles are available. Temperature can be controlled using either a
Nosé–Hoover thermostat or Langevin dynamics. If pressure effects are required,
an Andersen–Hoover or Parrinello–Rahman barostat can be used. Simulations
on high performance computing HPC systems are limited to 103 −104 atoms
for most bulk systems.

50



Chapter 3 Methodology

3.3 TROM

Having established the workflow of obtaining phonons from a range of meth-
ods, TROM is a new Python-based code tool developed by Hossein Ehteshami
at the University of York for enabling calculations of transport properties from
MD via spectral energy density and mode decomposition methods to determine
the phonon lifetime from MD. The theory implemented in the code has been
established in chapter 2.

The workflow developed contains everything within this code; now, there are
two systematic pathways a CASTEP user can take to calculate the lifetime and,
hence, the thermal conductivity.

MethodsDFT MLIP/ on-the-fly CASTEP-GAP

Geometry Opt.

Phonons
2nd IFC

3rd/4th IFC

solve BTE
ShengBTE

Lifetime τ

MD Traj.
(CASTEP/LAMMPS)

TROM

SED/Mode decom

Lifetime τ

Figure 3.6: Two standard workflows for calculating phonon lifetimes using
CASTEP DFT and MD with TROM.

The traditional perturbative approach requires high-order derivatives to com-
pute the displacements from the 2nd order IFC, from which to get the third
order and fourth order FCM to get three and four phonon scattering rates. It
requires solving the Boltzmann transport equation for each of the probabilistic
phonon-phonon scattering processes to give the lifetime. The alternative is first
to find a suitable potential from GAP training and use it to accelerate the MD in
CASTEP or directly in LAMMPS as a force field to compute the force constant
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matrix. From this, TROM can compute the lifetime from the spectral energy
density by measuring the width of the peaks or through mode decomposition.

3.4 Gaussian Approximation Potentials

GAP-based models[27] [28] [29] can offer up to a 100× speed-up over full AIMD.
This substantial acceleration enables larger-scale simulations, while periodic
DFT checks ensure the machine learning model remains accurate. This approach
avoids a key limitation of empirical potentials, which require assumptions about
the shape and form of the PES, for example, harmonic, Morse, or Lennard–Jones
form. GAP can construct such a potential without having prior knowledge of
the function, which is said to be unbiased.

Gaussian Approximation Potentials are the product of the application of the
Gaussian process regression (GPR), where ab initio PES is sampled using DFT,
such that GAP has some initial idea about the energy, forces and stresses.

The data are used to train the GAP model, which can be used to fit the energies
and forces between the previously observed reference data points, where the
resulting prediction can be used to generate MD trajectories, where the MD steps
use an initial pre-trained dataset of MD–DFT configurations, with subsequent
MD steps periodically validated against DFT calculations.

Gaussian process regression aims to evaluate the value of an unknown function
y(x), the value of which can be sampled at specific locations x = {xi}N

i=1, to give
a set of known values y = {yi}N

i=1 which make our training data set.

Using this training data set, Gaussian process regression aims to have a predic-
tion of the function values ỹ(x0) at arbitrary points in the training space x0 we
use the notation ỹ(x0) to indicate predicted values of the true function y(x0)).

Practically, for a system of interacting atoms, the points x represent the atomic
configurations in phase space since the potential energy surface of an atomic
system is sampled at measured function values y, which would be the total
energies from a reference ab initio method.

In more detail, the approximate function is obtained by assuming that the target
function y(x) can be expressed as a weighted sum of M kernel (basis) functions
k, each centred at a location xm in the input domain:

ỹ(x) =
M

∑
m=1

cm k(x,xm), (3.10)

where ỹ(x) denotes the model prediction for the true function y(x), and cm are
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the corresponding kernel weights.

The set of points {xm}M
m=1 used in Eq. (3.10) does not have to coincide with the N

training points {xn}N
n=1. Typically, M ≪ N, and this reduced collection is called

the sparse set (or active set / representative set). Here, we leave the specific kernel
form unspecified and instead focus on determining the unknown coefficient
vector c = (c1,c2, . . . ,cM)⊤.

To evaluate how well a particular choice of c performs, we define a loss func-
tion l that measures the discrepancy between predicted values ỹ(x) and the
corresponding reference values y(x):

l =
N

∑
n=1

[yn − ỹ(xn)]
2

σ2
n

+R, (3.11)

where the positive parameters σn allow for different weighting of the train-
ing points. The first term enforces agreement with the training data, but if
minimised without constraint, it can lead to overfitting.

To prevent overfitting and encourage smoothness, we introduce the regularisa-
tion term R:

R = ∑
m,m′

cm k(xm,x′m′)cm′, (3.12)

which penalises large values of c. The parameters {σn} can be tuned individu-
ally to prioritise fitting certain points more closely.

The loss function can be expressed compactly in matrix form:

l = (y−KNMc)⊤Σ
−1(y−KNMc)+ c⊤KMMc, (3.13)

where:

• y = (y1,y2, . . . ,yN)
⊤ is the vector of training targets,

• c = (c1,c2, . . . ,cM)⊤ is the coefficient vector,

• [KNM]nm = k(xn,xm) is the kernel matrix between training points and sparse
points,

• KMM is the kernel matrix among sparse points,

• Σ is a diagonal matrix with Σnn = σ2
n .

Minimising l with respect to c gives:

c =
(
KMM +KMNΣ

−1KNM
)−1

KMNΣ
−1y, (3.14)
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where symmetry of the kernel ensures K⊤
NM = KMN .

Given the optimal weights, predictions at a new input x are computed as:

ỹ(x) = c⊤k(x,xM), (3.15)

where k(x,xM) is the vector of kernel evaluations between x and the sparse set
{xm}M

m=1.

To provide some intuition of how the GPR processes are used to fit high-
dimensional potential energy surfaces that depend on the positional coordinates
of every particle in the system, consider looking at a 1D system, in this case, a
cubic function.

Figure 3.7: Interpolation and fitting of a cubic function through GPR process.

The data points are created using a polynomial 20x−1.4x2 +0.025x3 and using
the squared exponential kernel. This gives points with a similar value to the
actual values of x, in which each point contributes a weight, and the target point
will have a similar value of y to the point near it.

k(x,x0) = σ
2
f exp

(
−(x−x0)

2

l2

)
The function is essentially going through a regression, which repeats the process
of predicting values for the target points, where interpolation of the function is
performed through the least squares approach or the loss function. Here is a
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sample of 100 points plotted, which is enclosed within the bounds of uncertainty
error.

It’s important that note that where there is are higher density of sampled points,
GPR works very well; however sparser points, it tends to overshoot. The GPR
process should be used as interpolation rather than extrapolation.

3.5 GAP training

Training an accurate GAP model requires optimising hyperparameters and
descriptors to achieve a level of accuracy in energies and forces between the
previously observed reference data points, which relies on how well the in-
terpolation from the initial DFT to the initial fitting of points to the PES is
performed.

A brief review of the most frequently used hyperparameters for fine-tuning
GAP training is presented. The intricacies of all input GAP parameters can be
found in detail in [30].

The first descriptor input is the interatomic distance, defined as

ri j = |ri − r j| (3.16)

Where r j,ri indicate the position of atoms i and j, where it simply describes the
distance between atoms. Long-range interactions can create problems for ML
potentials[31]; in this case, the simple descriptor takes relative particle positions
into account that are within the cutoff radius known as the local environment.

Atoms outside the defined cutoff radius are neglected in the ML predictions of
energy and forces. Different methods exist to try and incorporate this into ML
potential. One way is to separate the many-body system interactions and the
electrostatic contribution.
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Figure 3.8: Description of cutoff radius in an atomic system.

The total energy of the system is simply represented by the sum over pairwise
contributions

E = ∑
i

∑
j>i

V (2b)(ri j
)

(3.17)

where any change in the order of atoms affects just the summation, leaving the
total energy unchanged. Here we have used a two-body description, which is
simply the distance between two atoms. In principle, a variety of many-body
ordered terms, i.e two-body (2B), three-body (3B), and higher-order (MB) terms,
can be used.

While two-body (2B) descriptors effectively capture radial pairwise distances,
they are rarely sufficient on their own because they lack many-body effects. Con-
sequently, a combination of at least 2B and three-body (3B) terms is generally
necessary to accurately capture most local atomic environments. Furthermore,
it is important to recognize that long-range Coulombic and quantum exchange
interactions cannot be fully accounted for simply by increasing the order of the
many-body descriptors used in the Gaussian Approximation Potential (GAP)
fit.

E = c(2b)
∑
i, j

V (2b)
(

q(2b)
i j

)
+ c(3b)

∑
i, j,k

V (3b)
(

q(3b)
i jk

)
+ c(MB)

∑
i

V (MB)
(

q(MB)
n

)
. (3.18)

The number of M representative points that make up the basis set of functions
modelling the total atomic contributions from N total points. The choice of basis
functions should be large enough to ensure that all of the pairwise interatomic
interactions that must be represented in the training data.

An additional smooth overlap of atomic positions (SOAP) [32] descriptor is used
in conjunction with the GAP descriptor, where additional hyperparameters
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are worthy of discussion. Many-body interactions are described using SOAP
descriptors. They are smooth overlap atomic positions, they primarily used for
short and long-range electrostatics of a many-body system from a local point.
For this descriptor, the radial and angular parts nmax, lmax form a basis for what
is known as the neighbour density around an atom in its position i, which is
constructed by a Gaussian function to describe the system. It is common to
use different sizes nmax, lmax to maximise the interactions in the construction
of the neighbour density. Where ri j is the cutoff radius and σ is the width of
the Gaussian, and fcut is a function which varies smoothly to zero at the cutoff
radius

ρi(r) = ∑
j

fcut(ri j) exp

−
(

r2
i − r2

i j

)2

σ2


This expansion is performed for neighbouring atoms j, with the basis truncated
at integer values of nmax and lmax. This basis set becomes increasingly more
complex with the addition of higher nmax and lmax, causing an increase in both
the accuracy and the computational cost of the potential.

The final parameter is the exponent ζ , which is applied when computing
the SOAP kernel function. A value of ζ = 1 corresponds to a linear kernel;
raising the SOAP dot-product kernel to higher powers increases the number of
neighbouring interaction terms included. As ζ is increased, the effective body
order of the interactions described by the SOAP descriptor is given by 2ζ +1.
Most published models use values of either ζ = 2 or ζ = 4; in the present LiF
calculations, ζ = 4 is employed.

The initial search was configured using SOAP descriptors with parameters
lmax = 6, nmax = 6, rcut = 4.0 Å, σforce = 0.01 eV/Å, σenergy = 0.001 eV, ζ = 4, and
M = 4000. This initial set was chosen based on trends in previous GAP training
models [29], as it minimizes the error in energy and forces while balancing
computational expense and accuracy.

The GAP models were trained using 2000 full AIMD timesteps from a 4×4×4
supercell based on the primitive cell of two-atom LiF. The dataset was split into
an 80:20 ratio for training on the GAP model and evaluating the model on a
test set to predict the force, energy and virials. The same test set was evaluated
with single-point DFT energy, and the RMSE was calculated.

The initial screening showed RMSE changed very little with nmax and lmax. In
particular, the lowest initial lmax = 6, nmax = 6 was a good choice, as this also
was found to be a little compromise of accuracy for computational expense.
It was also found that very little change in the energy error occurred beyond
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4000 sparse points, and very little gain was observed in accuracy and cost by
increasing the number of sparse points beyond 4000.

When selecting sparse points via the CUR method for GAP fitting, the supercell
dimensions must be large enough to fully encompass the descriptor’s cutoff
radius. If the cut-off is larger than the actual size of the supercell, it introduces
self-mapping onto the atoms, and the errors rise dramatically.

Typically, the radius is increased to larger distances for very ionic systems
than the usual radius for producing GAP models due to the need to capture
long-range coulombic interactions. The primitive cell for LiF limits the number
of neighbouring interactions within a given radius, therefore requires a large
enough supercell from a primitive cell base than the conventional one would to
overcome the long-range electrostatics.

Figure 3.9: The effect of changing the cutoff radius on LiF for 4x4x4 supercell.

The computational cost of evaluating SOAP descriptors scales linearly with
the total number of atoms, O(Natoms), as the descriptor relies strictly on local
atomic environments within a cut-off radius rcut. However, the computational
cost to construct the local density expansion coefficients cnlm for a single atom
and the dimensionality of the final descriptor vector depend heavily on the
hyperparameters nmax and lmax. Specifically, evaluating the spherical harmonics
Ylm required for the expansion coefficients scales as O(l2

max), making the con-
struction cost proportional to O(Nneighnmaxl2

max). Furthermore, the final SOAP
descriptor is represented by the power spectrum pnn′l , whose total vector length
scales as O(n2

maxlmax). Consequently, while SOAP evaluation remains linear
with respect to overall system size, increasing the radial basis set size nmax

rapidly inflates the dimensionality of the feature space quadratically, whereas
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increasing the angular resolution lmax significantly raises the initial construction
cost.

3.5.1 Hybrid MD

The training GAP model from MD is extremely costly in memory and puts
huge limitations on what we can train on and how accurate our model is. The
Hybrid-MD approach [33] combines GAP and DFT to deliver an on-the-fly GAP
model and checks against DFT data, which delivers a dramatic acceleration in
MD simulation time.

GAP uses the DFT forces to accelerate the MD dynamics; however, this can be
affected by the number of factors. The overall speed can be strongly affected by
system specifics. Anharmonic materials such as PbTe require more extensive
training due to the number of electrons it must evaluate during DFT steps,
which slows down the overall speed.

Whereas LiF is extremely harmonic and has fewer electrons required to evaluate
at DFT steps. Although all ionic systems suffer from lack of long range Coulom-
bic interactions. Li is fairly light and requires smaller MD time step which is
more work for the MD dynamics to produce better quality GAP potential from
this.

The on-the-fly GAP models with Hybrid-MD are especially valuable for systems
that require many thousands of learning steps before equilibration with AIMD.
Having the benefit of the acceleration as both system size and the number of
time steps grow in size, the AIMD calculations grow in computational expense.

Initial DFT data is used to gain an idea of what the PES for LiF is, which
GAP will use to approximate the full PES from a sampling of DFT data. The
generation of each GAP potential occurs at each decision-making point after the
DFT step evaluates the ML step based on how well the DFT data generalises
with respect to the GAP prediction; it is either retained or needs refitting, based
on tolerances set by the user.

This is very useful for both testing and time-saving because we can sample
several potentials created from the run. The hope is that GAP, as it undergoes
training, will improve after each step, as we would ideally like to sample
potentials that model vibrational properties that are in the minima of the PES.

The table above shows how the Hybrid-MD can accelerate the MD for a large
system (eg 4x4x4 supercell) with a small cluster. Typically, doing around 10
thousand time steps with 2 fs trajectory. For the given time is shown to dramat-
ically speed up the MD on 4x4x4 supercells. Usually, with Hybrid-MD on, you
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species DFT-MD time ML time
LiF 3 days 18hr
PbTe ≈ 4 weeks 4 days

Table 3.1: Time taken with ML and without on the Viking cluster

need a few initial DFT-MD steps for training and around 10 ML steps for every
DFT step (hence 10x speedup) for very loose tolerances on forces, strain and
energy. Once the tolerances are made tighter, the Hybrid-MD will struggle to
reach such tolerances without some additional help from the SOAP and GAP
descriptors.

The Hybrid-MD trains the GAP.xml model from the last final MD configuration;
there is very little computational expense compared to the full GAP training.
The gain in this means typical calculations with larger SOAP and GAP are
possible with the caveat that these are essentially sampled from a specific
trajectory in phase space.

To develop a GAP potential for vibrational properties, the training sets consist
of a large subsample of configurations developed during the Hybrid-MD runs
with the lowest energy and force configurations. Plotting the DFT and predicted
energy and forces shows how well the dataset we have chosen generalises, since
the GAP potential for a single configuration will evidently lead to over-fitting.
However, larger subsampling of diverse data helps to prevent overfitting.

Figure 3.10: QM vs FF Energies for LiF Figure 3.11: QM vs FF Forces for LiF
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Table 3.2: Optimised hyperparameters used in training GAP and SOAP descrip-
tors.

Atomic environment parameter SOAP GAP 2B Term
rcut (Å) 4.5 4.5
d (Å) 1.0 –
σ

energy
ν (eV/atom) 0.001 0.001

σ force
ν 0.1× (force on each atom) 0.1× (force on each atom)

ξ 4 –
δ (eV) 3.0 3.0
σatom (Å) 0.5 –
nmax 12 –
lmax 6 –
Representative environments 4000 30
Sparse jitter – 1.0×10−8

e0 (reference atomic energies) F: −644.119387 eV, Li: −196.0751627 eV
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Computing Properties of PbTe and
LiF

4.1 Background

Lithium fluoride adopts the rock-salt (NaCl) structure, with each Li cation
octahedrally coordinated by six F anions. In the unit cell, the arbitrary positions
in the cell are placed at fractional coordinates centred on Li at (0,0,0) and F at
(1/2,1/2,1/2). LiF is a well-known insulator and is used in many applications.
The thermal conductivity of many materials can be enhanced by adding Li to
it due to the presence of Li, as at high temperature the Li ion can freely move
which can enhance thermal conductivity, for example its use in nuclear fuel
coolant. In PbTe, the crystal is analogous to LiF. However it is the opposite,
being a semiconductor with a small band gap, having a very anharmonic
ground state PES, which is thought to be the mechanism of its thermoelectric
properties and makes this also a very hard but interesting case for DFT/MD
methods.
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4.2 Density functional theory calculations

First-principles calculations were conducted using the CASTEP 25.11 software
on PbTe where The ground-state was found for PbTe using the conventional cell,
see figure 4.1, using a cut-off energy of 750eV. The Brillouin zone was sampled
using a Monkhorst-Pack grid with a mesh of 8 × 8 × 8 k-points with the GGA
PBE exchange-correlation functional and norm-conserving pseudopotentials
(NCP) were employed.

The self-consistent field (SCF) were carried out with tighter parameters to ensure
ground state density used in the phonon calculations are properly converged
where the geom energy and electronic energy tolerance was set to 1×10−6eV

and 1×10−10eV , fine grid scale to 4.

(a) PbTe (b) LiF

Figure 4.1: Comparison of structures: (a) PbTe and (b) LiF.

Spin-orbit coupling was included in the geometry optimisation for the purpose
of optimizing PbTe lattice parameters and DOS and band structure dispersion
but not used for the purpose getting Phonons dispersion.

Table 4.1: Lattice constant a of PbTe and LiF obtained from experiment [2], PBE
calculated, and literature results [3].

Material aexp (Å) aPBE
calc (Å) aPBE

lit (Å)

PbTe 6.420 6.415 6.565
LiF 4.027 4.066 4.103

Similarly, for LiF simulations, calculations were performed using PBE with
on-the-fly pseudopotentials (NCP), employing a plane-wave cutoff energy of
800 eV. The Brillouin zone was sampled with an 8x8x8 k-point grid using a
Monkhorst-Pack scheme, having sufficient convergence.
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Figure 4.2: PbTe convergence tests of k-points and cutoff energy

Figure 4.3: LiF convergence tests of k-points and cutoff energy
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4.3 Electronic structure

Consider the Kohn-Sham single-particle equation in its most simplistic form,
which consists of two parts: a kinetic and a potential energy operator multiply-
ing the plane wave ψnk = eikxu(rrr) and taking use of the product rule will give
the following equation. The purpose of the band structure is to visualise how
the Kohn-Sham eigenstates of occupied and unoccupied energy states localise
across the BZ. [

−1
2
(∇+ ik)2 +Vtot

]
u(rrr) = εu(rrr) (4.1)

By taking the two extremes, we consider either just the potential energy or just
the kinetic energy. To evaluate the total energy is simply the expectation value
⟨Ψ| Ĥ |Ψ⟩. In the free electron limit, you’re left with −1

2 (∇+ ik)2 with quadratic
energy curved bands. Electrons bound to V (rrr), with no kinetic energy, are
bound to the potential which results in flat bands. The lowest energy states
have flat bands as inner valence orbital states are bound strongly due to a
greater effective nuclear charge.

Lead telluride is a narrow-gap semiconductor (bandgap 0.3 eV), where LiF has
a bandgap of 8.8 eV, indicating its insulating properties.

The valence band maximum of LiF is solely occupied by F p-orbital electrons,
and a clear, distinct separation of bands indicates no hybridisation between F
and Li orbitals, indicating flat bands are due to its strong ionic character. The
conduction band is mainly distributed with Li orbitals.

PbTe valence states belong to the 5s and 6p orbitals. In contrast, PbTe contains
far more electrons with larger p and s orbitals, which have been shielded by
an effective inner electron-electron screening, resulting in electrons being far
more delocalized, leading to the curved bands, which have some kinetic energy.
The Density of States (DOS) tells us the weighting for each energy interval E to
E +dE

ρ(E) = ∑
i

∫
BZ

dk Ωδ (E − εik) . (4.2)

For LiF, the sharp peaks around -40 and -20 eV are due to F and Li s and p states,
which are tightly bound. For LiF, the main contribution of energy around the
Fermi level comes from the Li, which has p orbital character and a single small
peak for the F p state. For PbTe, the peak just below -10eV corresponds to the
Te s state and just before corresponds to the Pb s orbital state. Moving up in
energy, the Te p states are most prominent starting from 5eV.
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Figure 4.4: Electronic band dispersion of PbTe.

Figure 4.5: Electronic density of states (DOS) of PbTe.
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Figure 4.6: Electronic band dispersion of LiF.

Figure 4.7: Electronic density of states (DOS) of LiF.
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4.4 Phonon properties

For LiF we have used the same procedure as with the electronic band structure.
Density functional perturbation theory (DFPT) is used to calculate the phonons
of the LiF conventional cell over the high symmetry points in the Brillouin zone
using 4x4x4 q-point mesh to sample.

LiF is a polar material and an insulator. Therefore the induced dipole moment
will shift the optical phonon modes due to long-range Coulomb interactions.
This polarisation effect results in an additional restoring force between the ions,
yielding a higher longitudinal phonon frequency compared to the transverse
optical phonon; therefore, it was essential to introduce LO/TO splitting. We
choose to apply an electric field in order to calculate the Born effective charges
needed for the corresponding non-analytical term in the force constant matrix.

(a) Phonon dispersion (b) Phonon density of states (DOS)

Figure 4.8: Phonon properties of LiF: (a) dispersion and (b) density of states.

The conventional cell is composed of N atoms, of which there are 8, and a total
of 3N phonon modes consists of three acoustic modes: one longitudinal and
two transverse, and 3N-3 modes which are optical phonon modes. Hence the
phonon dispersion will have 24 phonon modes in total, arising from 3 acoustic
modes and 21 optical modes. The displacement vectors can be plotted to show
3N vibrational modes for solid LiF.

Here in figure 4.8 shows the acoustic and optical vibrational modes as vectors.
LiF has the highest maximum phonon frequency at 17 THz as LiF possesses
strong ionic short bonds, lighter atomic weight, and a more rigid lattice structure
leading sharp rise of the bands from Γ.
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Figure 4.9: Phonon displacement vectors at Γ point.

The PES can be described by a parabola, if the system is harmonic or weakly
anharmonic with small deviations about the parabola. The harmonic approx-
imation is a good enough approximation to justify using density functional
perturbation theory (DFPT) instead of finite differences as with LiF. For PbTe,
extracting vibrational properties proves much more complex as the mode-
dependent anharmonicity within PbTe has a very large contribution. By plot-
ting phonon eigenvector displacement vs energy, as shown in figure 4.10 for
the LO mode (which has the largest anharmonic contribution to the PES) [34]
the large anharmonicity of PbTe is clearly demonstrated, and the standard
harmonic approximation starts to break down. DFPT is formally limited to
second-order force constants and struggles with non-perturbative, temperature-
driven anharmonicity. To overcome these limitations, the forces arising from the
anharmonicity are calculated best from finite displacements since the advantage
of this method is to investigate phonon anharmonicity as the amplitude of the
displacements is increased. For PbTe we chose a minimum displacement of 0.05
Å

The right-hand sub figure illustrates the specific mode displacement along a
given phonon eigenvector; displacing the atoms along this eigenvector allows
us to map the potential energy as a function of displacement amplitude.

Spin-orbit coupling was included in the geometry optimisation and spectral
properties such as the DOS and band structure in PbTe, but not in any of the
Phonon calculations via DFPT, due to the absence of SOC19 pseudopotentials.
The lack of spin-orbit coupling. Although through finite differences, we can
calculate the phonon dispersion. There is a substantial cost in doing it through
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Figure 4.10: Plotting energy vs displacement along the LO mode of PbTe.

finite displacement, as an atom of Te requires 6 states, and each atom of Pb,
14 and with 4 of each in your baseline cell, which makes 80 electrons. Using
a non-collinear magnetic treatment requiring 4 states per electron, so you are
starting at 320 and making a 4x4x4 supercell, makes the calculation of PbTe
very expensive. Although feasible with a conventional cell, the primitive cell
would be a better choice if cost were the main concern. In the PbTe phonon
dispersion of the conventional cell, you can see the largest spike around 3-4
THz corresponds to Pb moving down the second peak, which comes from the
Te and Pb, which slightly decays corresponding to higher frequency optical
modes where whereas Te has lower acoustic modes around 0-2THz

In the finite displacement method, the maximum reliable atomic displacement is
limited by the force error when using finite-difference approximation. Because
the extraction of accurate phonon frequencies relies entirely on the precision of
the calculated interatomic forces, it is essential to employ exceptionally tight
convergence criteria to minimize numerical noise in the forces.

The computational cost of these finite displacement calculations scales heavily
with the number of explicit valence electrons, which is strictly dictated by the
choice of pseudopotentials. Different pseudopotentials treat different electronic
shells as core versus valence states. For example, using pseudopotentials that
explicitly treat the core d-states as valence results in 14 valence electrons for
Pb and 6 for Te. In an 8-atom primitive cell (4 Pb and 4 Te), this specific
pseudopotential choice yields 80 explicit valence electrons.

Furthermore, the number of Kohn-Sham states (bands) required to accommo-
date these electrons depends heavily on spin-orbit coupling (SOC). SOC has a
negligible effect on the vibrational properties of PbTe and is left out to reduce
computational cost. Each band can hold two electrons, meaning the 80 electrons
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require a minimum of 40 occupied bands, whereas in a non-collinear calculation
(required for SOC), each band is a can only hold a maximum of one electron,
thereby requiring a minimum of 80 occupied bands.

When expanded to a 4×4×4 supercell (512 atoms), the system contains 5,120
valence electrons. Consequently, the calculation must solve for at least 5,120
non-collinear bands (or 2,560 collinear bands), alongside additional empty
bands required for self-consistency. This results in a massive computational
expense compared to standard harmonic DFPT.

This makes the calculation of PbTe expensive. Although feasible with a con-
ventional cell, the primitive cell would be a better choice if cost were the main
concern. Here, we have avoided using spin orbit coupling effects and used
NCP pseudopotentials over 2x2x2 q point mesh.

In the PbTe phonon dispersion 4.11a you can see the largest spike around 3-4
THz corresponds to Pb moving down the second peak, which comes from the
Te and Pb, which slightly decays corresponding to higher frequency optical
modes whereas Te has lower acoustic modes around 0-2THz.

71



Chapter 4 Computing Properties of PbTe and LiF

(a) Phonon dispersion

(b) Phonon DOS

Figure 4.11: Phonon properties of PbTe: (a) phonon dispersion and (b) phonon
density of states (DOS).
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4.5 Anharmonicity Measure

The anharmonicity is quantified using atomic forces because they provide direct
insight into the local interactions experienced by individual atoms. Further-
more, from a statistical perspective, evaluating the total force vector FFF for a
given atomic configuration RRR is more robust than analysing the 3N individual
Cartesian force components, FFF = (FFF1, . . . ,FFFN).

The anharmonicity measure [20] is the ratio of the variance of anharmonic and
harmonic force components. A larger deviation of the ratio with respect to the
harmonic regime of the exact DFT PES shows a greater anharmonic contribution.
The DFT forces are exact and, by construction, computing the Fharm is simple
by taking the displacement vectors and the FCM.

Fharm =−Φij∆R (4.3)

The basic harmonic model is constructed through estimation of the T = 0 force
constant matrix with randomly generated displacements ∆R, which are based
on a population of phonon modes according to Boltzmann statistics for a given
temperature.

In section 2.7 we explained that by purposely truncating to 2nd order (harmonic
regime) we are assuming deviations from PES does not contribute to the lattice
dynamics.

The effect of anharmonicity on the PES is better explained through Figure 4.9.
fitting higher order polynomials in this case a quadratic and quartic polynomials
are fitted to the exact PES from DFT data. The quartic fitting is far more
agreeable than from a simple parabola (harmonic regime) fitting. The greater
deviation from the harmonic picture, the larger the anharmonic contribution
will be.

∆Rα
I =

1√
MI

∑
s

ζs⟨As⟩eα
sI, (21)

where eα
sI are the harmonic eigenvectors, ⟨As⟩=

√
2kBT/ωs is the mean mode

amplitude in the classical limit and ζs is a normally distributed Random number.
The anharmonic forces are simply equal to Fharm −FDFT = Fanharmonic and by
taking the ratio of variance of Fanharm : Fharmonic
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Figure 4.12: The quartic polynomial Root mean square error (RMSE) is less than
the quadratic polynomial RMSE, showing that anharmonic fitting is a more
suitable approximation to PES of PbTe.

σ
A(T )≡

σ
[
FA]

T
σ [FDFT]T

=

√√√√√√√ ∑I,α

〈(
FA

I,α

)2
〉

T

∑I,α

〈(
FDFT

I,α

)2
〉

T

, (4.4)

Certain phonon modes will exhibit degrees of varying anharmonicity at each
step. Bounded between 0 for a purely harmonic system and 1 for a fully an-
harmonic limit, this anharmonicity metric yields a maximum value of 0.26 for
PBE-LiF at 300 K, indicating that anharmonic contributions account for approx-
imately 26 percent of atomic forces at that timestep. The anharmonicity should
be convergent as the system equilibrates. Larger spikes are due to the ther-
mal fluctuations, creating large displacement amplitudes as the anharmonicity
measure is dependent on temperature.

The anharmonicity is also dependent on temperature. We have shown that LiF
is not particularly anharmonic at 300K. While most materials possess some an-
harmonic properties, LiF shows particular resilience to increasing temperature
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Figure 4.13: LiF is considered harmonic as the largest anharmonic spike does
not go beyond 0.26; for reference, silicon has an MD maximum spike around
0.80.

and still has very low anharmonic contribution.
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4.6 LiF Phonons from MD using Kong Method

4.6.1 DFT-based molecular dynamics

For the use of getting phonons from MD it is equally important to study sys-
tems of two extremes, where LiF is a polar material, and very few analytical
corrections have been made to account for LO/TO splitting from MD and
proves a real challenge for long-range electrostatics with MLIP. In contrast, the
anharmonic interactions are strong in PbTe and in the limit of MD calculations,
it’s unknown how FCM will correctly contain all the correct anharmonic effects,
whereas LiF has quite a weak anharmonic contribution. The relative differences
in anharmonicity make these materials an ideal choice for comparative studies
of phonons.

LiF MD simulations were performed on a 4x4x4 supercell made up of the
primitive cell (128 atoms), and calculations were run plane wave cutoff energy
of 800 eV using the PBE XC functional. An NVT ensemble was simulated with
1 fs over 30,000 timesteps to get good dynamics.

4.6.2 Finite Temperature Phonons

At finite temperature, the atoms are in motion and are displaced from their
equilibrium positions. The FCM at T = 0 do not contract a good approximation
to estimate the actual finite temperature FCM that arises from thermal fluctu-
ations because the potential energy surface sampled at T is no longer purely
harmonic.

The quasi-harmonic approximation neglects this explicit temperature depen-
dence: the T = 0 force constants are retained, and at a finite temperature T it
occupies the modes with a Boltzmann weight and does not change the mode
frequencies. However, QHA captures thermal expansion but not phonon renor-
malisation.

For computing the phonons at finite temperature, the training data must contain
a dense sampling of the region of phase space around the energy minimum for
any crystal structures for which you would like to make a calculation.

To study phonon dynamics and their lifetimes requires a careful choice of
thermostat, equilibration, number of timesteps and supercell size.

Typically, in finite-temperature properties of the system studied, the temper-
ature must be set and controlled. The choice of NVT and NVE ensembles to
thermalise and relax the structure was used to create a suitable training set. The
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Nose-Hoover thermostat models the most realistic fluctuations of particles for
a given temperature by effectively exchanging energy to and from the external
bath coupled to it, such that the energy transferred to the system is equivalent
to the average thermal energy kBT . For the given equation of motion [35]

m r̈(t) =−∇U(r1, . . . ,ri)−mλ̈ ṙi (4.5)

An extra term known as the coupling term controls the amount of energy
exchanged with the system.

λ̇ =
dλ (t)

dt
=

1
Q

[
N

∑
i=1

miv2
i

2
− (3N +1)

2
kBT

]

Where qis the mass parameter which controls the timescale to which the ex-
change happens with the system with 3N+1 particles, where an extra +1 term is
introduced to account for the extra degree of freedom given by the coupling
term. At equilibrium, the difference in energy exchange tends towards zero.

In contrast to the Taylor series expansion defined at their equilibrium positions
through DFT, MD has no well-defined initial equilibrium. Hence, the equilibra-
tion point is not known, and the equilibration period must be found initially.
Unphysical phonon modes will arise for a timestep that is too large, e.g the
atomic displacements are too large to get phonons accurately. In particular, the
additional effect of supercell size and trajectory sampling has a great effect on
the quality of phonons sampled from the trajectory.

Typical AIMD time steps are 1 - 2 fs. Due to the low mass of Li, a smaller time
step of 0.5 fs was used in LiF MD simulations to stop drift in high-frequency
optical phonon modes.

4.6.3 Sampling

The sampling rate must be high enough to capture the maximum frequency, The
sampling rate and total run time should be initially chosen powers of two, as
TROM makes use of Fast Fourier transforms. An initial guess for the frequency
can also be obtained from the harmonic lattice dynamics calculations for LiF,
which is around the maximum of 17THz.

Depending on the system specifics, the MD trajectory is initially correlated,
and the appropriate dump interval depends on how much data is required. If
the interval is too large, the slower phonon modes will not be captured; if it is
too small, the trajectory will remain correlated, leading to unresolved phonon
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modes. The formula used to predict what dump intervals are given by:

ω =
0.5

dump interval×∆t
(4.6)

Where ω is the frequency range, ∆t is the timestep. his formula is an estimation
of the interval range, and often, setting larger dump intervals is advised since
you can sample different MD trajectories, and you can also study low and high
frequencies according to the phonon DOS.

For example, take the DOS of LiF in Figure 4.10 to sample high frequency
modes based DFPT phonon DOS, the main phonon modes are 7.94THz as
given by DOS. So, using a timestep of 0.5fs and the formula given should mean
a sampling rate of around 125 MD steps should be sufficient to sample the
majority of the lower frequency phonon modes.

Further sampling is required to capture enough of the higher frequencies modes,
for example the maximum phonon frequency is 17THz. The period is given
by T = 1/ f ≈ 59 fs, representing the shortest oscillation timescale relevant.
According to the Nyquist sampling theorem, this requires a sampling interval
of least two points and hence is needed ∆t ≤ T/2 .The longest oscillation period
in LiF is 29fs. Sampling every 12 fs provides too few points per oscillation.
Therefore, we combine trajectories sampled at 12 fs and every 5 steps (2.5fs, for
a 0.5fs time step). This combined approach ensures adequate resolution across
both low- and high-frequency modes.

This has a very direct implication on how the MD is done; clearly, to get such
an MD trajectory with supercell size would be very expensive and impractical
with AIMD calculations, despite the advancement of ML-MD acceleration. For
a LAMMPS run, this would also require a large cluster with a sufficient IO
space and computational resources.

As with Figure 4.11, the initial structure resides at equilibrium, which are high-
symmetry sites in the crystal with the lowest energy configuration. Thus, atomic
displacements increase the total energy. Within MD, we want to produce similar
lattice dynamics displacements from equilibrium. A simple way of confirming
that the MD dynamics are sufficiently equilibrated is to plot temperature and
energy vs time plots. Both the dynamics for the NVT and NVE runs are well
conserved, and our timesteps were well chosen to produce such well-conserved
MD dynamics.
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Figure 4.14: LAMMPS MD run for LiF, showing temperature vs time, and total
energy vs time using NVT and NVE ensembles, respectively.

The Fourier transform of the velocity autocorrelation function (VACF) yields
the phonon density of states (PDOS), making it straightforward to visualize the
range of vibrational frequencies expected for LiF, as shown 4.15

g(ω) =
∫

eiωt ⟨v(t)v(0)⟩
⟨v(0)v(0)⟩

dt. (4.7)

The supercell size, as with any MD simulation, will have a finite size effect.
Since TROM in its current form does not include self-mapping to primitive and
conventional cells, it means a typical suitable size of supercell is typically 5x5x5
or larger to get sufficient resolution of the peaks.

The MD phonon dispersion for LiF has three distinct qbranches at Γ, which
correspond to three TA, TO and LA modes. The higher frequency optical modes
are most challenging to resolve due to the lack of a non-analytical correction
term to the FCM, which usually shifts the optical modes up in frequency.

The result is that the optical qbranches don’t align with the DFT phonon dis-
persion, and sampling the optical modes at that frequency according to DFT is
slightly shifted. The quality of the GAP potential may cause shifts in the phonon
dispersion. In particular, the long-range Coulombic effects play a significant
role in the optical q branch frequency due to several discontinuities and flatter
dispersion lines.

The Kong method is based on statistical sampling of MD trajectories. The choice
of using the primitive cell of LiF has practical implications for calculations of
lattice vibrational and transport properties via MD, because they have the low-
est computational cost. Since each atom contributes three degrees of freedom, a
system with N atoms has a total of 3N vibrational degrees of freedom. Using a
conventional cell instead of a primitive cell effectively increases the number of
atoms, and therefore the degrees of freedom and hence the cost of convergence
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Figure 4.15: LiF phonon DOS varying supercell from auto-velocity correlation
function

of FCM.

However, this means using larger supercells of the primitive cells of LiF over
the conventional cells would need to converge with many fewer MD time steps
and improve overall convergence of the FCM.

The larger supercells tend to require less long trajectory sampling due to large
sampling of configurations in phase space, whereas smaller supercell requires
much longer trajectories to get phonons out. This is primarily due to the
primitive cell’s lack of extra degrees of freedom, which is the current limitation
of TROM, as there is no mapping between the conventional and the primitive.

The phonon modes are contained within a wave packet to build a suitable
description of the phonon wave packet. It must be densely sampled from the
MD trajectory to find the phonon modes to produce high-quality phonons.
This trade-off between phonon q-point resolution and MD finite-size effects
makes such systems particularly challenging for the training of machine-learned
interatomic potentials.

Increasing the supercell also increases the resolution of the phonon dispersion.
In particular, more details of what may be going on at Γ are shown for the
largest supercells. The wavelength is equal to λ = 2π

q when q = (0,0,0) at Γ.
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Figure 4.16: Phonon dispersions of LiF varying supercells.

You are essentially trying to capture infinity as q → 0 in the long wave limit.
Interpolation to q = 0 leads to a slight discontinuity in the qbranch at finite q,
which is a clear indication that supercells are too small to resolve such large
wavelengths from the acoustic modes at the long wavelength limit, and hence
struggle to resolve long wavelengths of λ and small q, as seen in figure 4.16

It is useful to study the effects of finite temperature on Phonons. In particular,
anharmonicity becomes more prominent. At temperatures exceeding 600 K,
there is a significant vibrational coupling between the TO and TA modes driven
by anharmonic effects. We therefore expect reduced phonon lifetime because
the phonon scattering mean free path is shorter.

The phonon dispersion broadening becomes more prominent as the temperature
increases from 0 K to 600 K, particularly in the TA, TO, and LO phonon modes,
as seen also by the phonon DOS at finite temperature. In particular, the softening
of the TO mode (brown line) 4.17 intersects with the LO mode (purple line) only
at 300 K. This is primarily because the GAP potential was not trained beyond
the finite temperature range of 300–400 K, below it and stress testing shows
that it cannot be used reliably outside the temperature range for which it was
trained as shown in the phonon dispersion.
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Figure 4.17: Phonon dispersions with different temperatures.

4.7 Phonon Lifetime of LiF via from Spectral Energy

Density Method

At finite T , the phonon lifetime for LiF is extremely short; it’s only when
you reach high T that the phonon lifetimes are longer. This is because at high
T, the solid LiF becomes molten, where Li has high conductivity, allowing
phonon-phonon scattering to have longer lifetimes.

The lifetime can be fitted either by Gaussians or Lorentzian. Broadly speaking,
these are to account for broadening mechanisms we don’t include, e.g. lifetimes,
instrumentation details (for comparing with experiment), thermal effects, etc.
Gaussian broadening is for inhomogeneous processes, Lorentzian broadening
is for homogeneous processes and is the choice for fitting the lifetime.

The range of data selected when fitting the Lorentzian functions should be large
enough for the Lorentzian functions to decrease significantly from their value
at half-width at half-maximum, where the line width is specified, but not too
large as to pick up noise. The error in predicting the lifetime is obtained by
varying the range of data used to fit the Lorentzian function.

The spectral energy density is calculated, and the peaks are fitted to a Lorentzian
to extract the lifetime. Here, the SED is expected to give 6 peaks for each
qpoint. At the Γ point, three acoustic phonons disappear because they have
zero frequency, and three optical phonons are degenerate. This degeneracy
is exactly what makes the application of this method time-consuming. The
Spectral Energy Density is fitted with a Lorentzian-based function.

Here, the SED was computed for 3N modes up to a maximum sampling fre-
quency of 50 THz (sampled every 100 steps over a 3-million-step trajectory at
0.5 fs). Since the maximum physical frequency for LiF at T = 0 does not exceed
peaks above 30THz, the increased shift upwards in frequency is attributed to
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significant numerical noise.

(a) SED of LiF (b) SED fitted with Lorentzian

Figure 4.18: SED and fitted SED of LiF showing 5 mode peaks.

Figure 4.19: Phonon scattering modes of LiF through SED method.

The implication of this on the phonon lifetime is that, because of the numerical
noise we have introduced fictitious phonon-phonon scattering, due to such a
broad peak, the Lorentzian function cannot measure the half-maximum, which
is why there are outliers in Figure 4.20 at 40-45THZ.The benefit of the SED is that,
in principle, as it does not rely on the eigenvectors of the phonon modes, the
missing interactions from the lack of LO/TO splitting means phonon lifetimes
would have several missing scattering points; however, towards 6THz we
begin to see some of the LO/TO scattering phonon modes starting to appear.
Overfitting of the peaks is evident for this much numerical noise and longer
lifetimes.

4.8 LiF Phonons from Symmetrization FCM Method

The GAP model may neglect to capture LO/TO splitting, but there are still
short-range effects that are captured. It is therefore far easier to add non-analytic
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corrections to DFT data than it is for the GAP/LAMMPS runs, which require
extra work to correctly get the long-range effects right.

The Kong method makes any AIMD-based calculations intractable, even for
accelerated hybrid-MD to get phonons out. Based on this different approach,
we can create a best fit to FCM and extract higher-order terms. The phonon
dispersions are sampled directly from CASTEP AIMD calculations, which
makes it viable with the optional benefit of using MD acceleration to make it
even quicker.

Figure 4.20: AIMD calculated phonon dispersion.

For example, 4.20 shows the phonon dispersion from LAMMPS run where here
is a Hybrid-MD accelerated with 30ps of data of LiF running with NVT at 0.1fs
with PBE functional with a 5x5x5 supercell at 300K Although here we have not
added any LO/TO splitting corrections to phonon dispersion, and the optical
modes are not as well sampled, we can see that we do have 6 dispersion bands
for the LiF 2 atom primitive cell.

With analytical corrections and longer sampled runs with Hybrid-MD should
get something more in tune with what we expect LiF phonon dispersion to look
like. However, we have to appreciate that going from not getting anything of
this supercell size and trajectory length to this shows that this method using
AIMD data is advantageous.

We therefore choose a 12x12x12 supercell with a longer trajectory of 1 million
time steps. For comparison, the Kong method requires anywhere from 2-3
million timesteps. Both NVE and NVT were used with 0.1fs. The same GAP
potential developed for a 5x5x5 supercell in AIMD calculations was applied.

Interestingly, the symmetrisation of the phonon dispersion now has very dis-
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tinct, separated optical phonon branches, with the expectation that the highest
frequency mode is around 15 THz.

The GAP potential has been shown to reasonably predict the phonon dispersion
trained on different supercell sizes, although the optical phonon modes are
wrong because of LO/TO interactions being absent, the FCM fitting is a reason-
able approximation to the actual LiF phonon dispersion. Likewise, we can use
the LAMMPS trajectory in the same way by evaluating the model with the GAP
potential derived from the Hybrid-MD run shown in Figure 4.21. LAMMPS
scales better with larger supercells, and we can do more timesteps without the
computational cost associated with AIMD or Hybrid-MD methods. Here, the
symmetrisation of FCM with a different GAP potential shows some stability
was achieved at 600K. The fitted FCM method works well even when the GAP
potential was not trained beyond the finite temperature range because it relies
on a small sample of configurations and fitting FCM according to least squares
method. In this case the two methods give very different outcomes.

Finite-temperature phonon dispersions for LiF calculated at (a) 300 K and (b)
600 K. The two panels illustrate the temperature-dependent shifts in the

phonon frequencies, highlighting the anharmonic softening of the modes as the
temperature increases.
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Figure 4.21: Phonon dispersion relations for LiF. The solid black lines represent
the harmonic phonon frequencies calculated using T = 0 DFPT with the PBE
functional, while the dashed red lines show the finite-temperature (300 K) GAP
MLIP dispersion obtained using the MD symmetrized method.

4.8.1 Phonon Lifetime LiF via mode decomposition from sym-

metrised FCM

In section 4.5, we showed that LiF has a relatively small anharmonic force,
which causes the phonon dispersion to shift and broaden, so that the normal-
mode amplitudes q are no longer periodic in time, i.e there is a lifetime and
hence a decay in total energy. If the anharmonic interaction is small, so that the
lifetime of the normal-mode amplitudes can be written in perturbed form:

Q(t) = Qe−i(ω+∆−iΓ)t (4.8)

where ∆ is the energy shift and Γ is the broadening term. This describes an an-
harmonic phonon mode coordinate which has a shifted frequency and damping
exponential which represent the lifetime of the anharmonic phonon mode. This
is exactly the mode decomposition we have defined in sections 2.8.1 and 2.8.
The scattering rates of LiF are shown for both LAMMPS and AIMD calculations.
The LAMMPS scattering has a maximum frequency spectrum sample of 10THz.
The choice of mode decomposition over the SED method for extracting the
phonon lifetimes is that fitting the peaks can be problematic, as this is also
prone to numerical background noise, selecting how to fit these peaks and
how to remove numerical noise without affecting the spectral signal too much.
The AIMD calculations’ scattering plots have only sampled the first part of the
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LAMMPS lifetimes. This is primarily due to not having a long enough trajectory
to sufficiently sample the lower frequency modes, and therefore, the lifetime is
missing several phonon-phonon scattering mechanisms.

(a) AIMD lifetime scattering plot (b) LAMMPS/GAP lifetime scatterings

Figure 4.22: Lifetime scattering plots for two different approaches, AIMD and
LAMMPS/GAP.

Sampling of longer trajectory runs with a mix of high and low frequency modes
is therefore needed for both methods to fully sample the set of frequencies of
LiF, which are evidently missing key scattering mechanisms.

Figure 4.23: Phonon scattering lifetime at 600K.

The lifetime for LiF is very short so at 300K most of the scattering is localized
where these are mainly a mixture of LA and TA phonon modes. They corre-
spond to low frequency phonon modes as a result of not adding smaller MD
sampling steps.
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Although we can see more vivid image of the phonon lifetime decay, there
are no higher frequency modes present that would indicate strong coupling
between the phonon modes. As seen in the phonon dispersion, the bands
become more disperse as a consequence of the anharmonicity causing strong
phonon-phonon coupling as a function of temperature.

The mode decomposition as preferred method to study the lifetime at higher T

through Kong method can become expensive for larger systems greater than
10,00 atoms as this a very costly FCM solver and Kong method will often lead to
simply running out of memory for python based code. The fitted force constant
matrix has a cutoff for amount of sampling it needs which is based on Monte
Carlo sampling number of configurations and decides the cutoff for FCM fit. It
means it will always require less data than with the Kong method making it
better choice for the mode decomposition method.

4.9 Comparison to known phonon lifetimes for LiF

Both the Spectral Energy Density and the time domain total normal mode
energy methods have proven to be effective ways of theoretically calculating
the lifetime, such as those of silicon. LiF has proven to be quite a hard case
study due to its electrostatics. LiF was also investigated by Liang [1]. This
method is a good benchmark to test out LiF MD lifetime against. Since most
of the literature for thermal conductivity is calculated via Boltzmann transport
equations, as with the Liang paper, by computing third-order force constants
with supercell perturbations.

Figure 4.24: Phonon scattering lifetime of LiF taken from Liang [1].

The scatter plot of lifetimes of both methods has shown to sample mainly the
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tail end of TA and LA phonon at 10THz (blue dots). The LO and TO scattering
phonon mode interactions are missing in our data because long-range forces are
not included in the GAP potential of LiF. Because LO/TO interaction is a key
scattering mechanism, and they are not showing where we would expect them
to be. Both the mode decompositions and SED methods have suffered from this.
Although we have shown that AIMD data could get the phonon dispersion out,
longer trajectories are needed for the lifetime which can be expensive for AIMD.
Irrespective of this both methods scale differently, irrespective of how you
create your data or the size of the data being trained or run. For example, the
computational time required to perform normal mode decomposition depends
on the number of atoms Nn in the system and the number of atoms in the
primitive cell N. For the eigenvalue problem associated with Harmonic lattice
dynamics, the total memory required scales with O(N2) with 3N eigenvectors.
This becomes poor scaling, in the limit of very large systems above 10,000 atoms.
TROM is written in Python, and when using the numpy module, mapping
atomic positions and velocity to kinetic and potential normal mode coordinates,
can decrease the computational workload. The Hellman method for getting the
FCM is based on sampling of the MD trajectory. This is useful because we don’t
need as much data as previously, which means the best-fitted FCM can be used
with far less data to get the phonon lifetimes.

Likewise, the computational cost of SED is less than mode decomposition by a
factor of 3 for bulk crystal structures. The SED requires longer trajectory runs,
roughly the longest estimated lifetime should have an order of magnitude larger
to try and resolve the peaks. At higher T it becomes challenging , when the
phonon line-widths broaden and become comparable to the spacing between
mode frequencies. The downside to the SED is the background noise, which is
extremely hard to remove; fitting the peaks with multiple peaks individually
is usually used to try and reduce this; however, this requires reconstruction of
the Lorentzian functions which can be costly. Usually, construction happens
with multiple peaks being fitted by a single function. The cost of fitting can
be reduced by fitting the peaks from all allowed phonon modes in the system
simultaneously, but the error and noise of the fitting and future adjustments
to code will be needed to improve the background noise, as this is currently
leading to overestimation of the lifetime.

LAMMPS scales with O(Nn) linearly with supercell size; however, the DFT
PES is a complex function to fit. GAP requires high-quality data, since our
method relies on a very large cut-off radius with increasing supercell to properly
evaluate the long-range coulombic effects. A key limitation to using GAP is
that it is very expensive for both training the GAP model and for LAMMPS
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to evaluate the pair potential. If the system has many electrons or is well
known to suffer from electrostatics, evaluating such systems through MLIP is a
time-consuming process in itself.

The proposed methods to extract the lifetime from MD-based methods arguably
could be more expensive than BTE-based methods when considering the train-
ing MLIP and data required to get the lifetime out. The workflow is reduced and
made far simpler for comparative study. Fixing the long-range electrostatics in
MLIPs would be a long-term fix to reduce the supercell and MD trajectories;
for example, adding long-range forces in hybrid-MD with GAP could be a
very useful feature in finding missing key scattering mechanisms. With the
added symmetrisation of FCM, the calculations should therefore be far less
computationally intensive to generate such large data sets.
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Conclusions and Future Work

5.1 Conclusions

The testing and development of phonon lifetimes have highlighted a few draw-
backs to the initial ideas we had at the start. Although the Hybrid-MD package
provides accelerated MD in its current form, it’s very challenging to get it work-
ing. It means the project has GAP potentials that have been trained on a few
hundred atoms rather than few thousand that is necessary for bigger LAMMPS
supercell calculations that was needed to get phonons out. The GAP potential
from hybrid-MD is suitable for testing, but a better potential must be developed.
With the new GAP interface which is all within CASTEP v26 I am sure this
would be effective for larger supercells.

The Kong method has been shown to sample long-wavelength phonons, but
it requires a large amount of data to even extract any information about the
phonons. Since the new developments of adding symmetry, it has been shown
that the need for such long trajectories can be reduced and actually speed up
the workflow. Since it is possible with the Symmetrization Method to achieve
a fully finite temperature phonon dispersion from just a few thousand MD
configurations which is far quicker than Kong Method when TROM is used

The lack of long-range electrostatics of LiF has proved to be a real challenge for
the on-the -fly GAP training since it could never reach at higher temperature the
required force and energy tolerances needed to get dynamical stable phonons
out from MD. Both the Kong method and the symmetrisation of FCM need non-
analytical corrections, as long-range electrostatics are clearly missing from the
GAP models we produced, which are current limitations. Current MLIP have
to developed in such a way that all long range electrostatics must be removed
fully from the training set to create a baseline model that only captures short
range effects. This can further be used with external long-range electrostatic
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solvers to get the desired long range electrostatics properly. Recent develop-
ments of MLIPs, in particular based upon MACE, have developed long range
electrostatics with Ewald solvers [36]. Algorithmic advancements in this area
have streamlined the workflow, making it significantly more straightforward
for users to train models that incorporate long-range electrostatics.

Overall, we can get a finite temperature physics in phonon dispersions, and
we can see how the anharmonicity can be quantified and included in phonon
dispersions. Although we can get the lifetime, it has been hard to get all the
right scattering mechanisms for where we would expect them to be.

5.2 Future Work

Investigating alternative approaches to the thermal conductivity and lifetime
should continue in the following areas. First is the test for a range of new
MLIP, for example, MACE potentials have been considered for some time as
the successor of GAP. It is yet unclear whether a computationally less expensive
potential to evaluate such as SW or LJP could be used as an alternative potential
to benchmark these methods on getting phonons out, which would be useful as
a comparison against more advanced GAP and MACE MLIPs.

In this work, LiF proved to be far more challenging to simulate. Due to long-
range electrostatic interactions and absence of any non-analytical term for
LO/TO splitting, getting MD phonons of LiF took the majority of the research
time. Hence it was decided that phonons from MD for PbTe was left out ,
considering the timescale for the project. Complex examples such as SnS SrTiO3

which could be more challenging examples possessing dynamically unstable
phases and particular unstable anharmonic frequency modes, would provide
greater testing of TROM. Since recent developments based on TDEP [37] and
FCM symmetry can be used to predict phonon dispersion to higher-order terms,
this could be an interesting avenue to look at more closely for a method to
extract the lifetime more accurately, without the need for the Kong method.

Since we have the lifetime, further investigation of the thermal conductivity val-
ues compared with BTE-based theories would be most essential in understand-
ing how this method could be advantageous over other theoretical frameworks.

Another interesting area would be looking at electron-phonon coupling and
how the anharmonicity is based on the measure from MD, and to measure
the effect this has on anharmonicity based on most anharmonic structures on
electron-phonon coupling.
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A.1 Notebooks

The notebooks for the TROM analysis, along with the LAMMPS input files
and output data https://github.com/max88lau/CASTEP utilties are in GitHub
Repository.

A.2 Snippets of the anharmonicity measure

1 import numpy as np
2 import m a t p l o t l i b . pyplot as p l t
3

4

5 def read md displacements ( f i lename ) :
6 ”””Read atomic displacements per time step . ” ” ”
7 displacements per t imestep = [ ]
8 current displacement = [ ]
9

10 with open ( fi lename , ’ r ’ ) as f :
11 f o r l i n e in f :
12 l i n e = l i n e . s t r i p ( )
13 i f l i n e . s t a r t s w i t h (” Time step ”) :
14 i f current displacement :
15 displacements per t imestep . append ( np . array (

current displacement ) . f l a t t e n ( ) )
16 current displacement = [ ]
17 e l i f ” Delta R =” in l i n e :
18 pa r t s = l i n e . s p l i t (” Delta R =”) [ − 1 ] . s t r i p ( ) . s p l i t ( )
19 disp = [ f l o a t ( x ) f o r x in p ar t s ]
20 current displacement . append ( disp )
21

22 i f current displacement :
23 displacements per t imestep . append ( np . array (

current displacement ) . f l a t t e n ( ) )
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24

25 re turn disp lacements per t imestep
26

27

28 def r e a d f o r c e s b y t i m e s t e p ( f i lename ) :
29 ””” Parse f o r c e s from s t r u c t u r e d f o r c e f i l e per time step . ” ” ”
30 f o r c e s = [ ]
31 with open ( fi lename , ’ r ’ ) as f :
32 current = [ ]
33 f o r l i n e in f :
34 l i n e = l i n e . s t r i p ( )
35 i f l i n e . s t a r t s w i t h (” Time step ”) :
36 i f current :
37 f o r c e s . append ( np . array ( current ) . f l a t t e n ( ) )
38 current = [ ]
39 e l i f ” Force =” in l i n e :
40 values = l i n e . s p l i t (” Force =”) [ − 1 ] . s t r i p ( ) . s p l i t ( )
41 current . append ( [ f l o a t ( v ) f o r v in values ] )
42 i f current :
43 f o r c e s . append ( np . array ( current ) . f l a t t e n ( ) )
44 re turn f o r c e s
45

46

47 def r e a d f o r c e c o n s t a n t m a t r i x ( fi lename , num atoms=64) :
48 ”””Read the f u l l 3N x 3N f o r c e constant matrix from . phonon−

s t y l e f i l e . ” ” ”
49 dim = 3 * num atoms
50 D = np . zeros ( ( dim , dim ) )
51

52 with open ( fi lename , ’ r ’ ) as f :
53 l i n e s = f . r e a d l i n e s ( )
54

55 row counter = 0
56 f o r l i n e in l i n e s :
57 i f ” S u p e r c e l l ” in l i n e or ” Force Constant ” in l i n e or ”%” in

l i n e or not l i n e . s t r i p ( ) :
58 continue
59

60 pa r t s = l i n e . s t r i p ( ) . s p l i t ( )
61 i f len ( pa r t s ) < 8 or not p ar t s [ 0 ] . i s d i g i t ( ) :
62 continue
63

64 i atom = i n t ( p a r t s [ 0 ] ) − 1
65 i d i r = i n t ( pa r t s [ 1 ] ) − 1
66 row idx = 3 * i atom + i d i r
67

68 # Parse 6 numbers a f t e r f i r s t 2 e n t r i e s (6 per l i n e )
69 values = l i s t (map( f l o a t , p ar t s [ 2 : 8 ] ) )
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70 c o l b a s e = ( row counter % dim ) // 3 * 3
71

72 D[ row idx , c o l b a s e : c o l b a s e +6] = values
73

74 # When 3 components per row are c o l l e c t e d , move to next s e t
75 i f row idx % 3 == 2 :
76 row counter += 6 # move 6 c o l s forward every 3 rows
77

78 re turn D
79

80

81 def compute forces (D, U) :
82 re turn −np . dot (D, U)
83

84

85 # === MAIN ===
86 phonon f i le = ” LiF . cas tep ”
87 d i s p l a c e m e n t s f i l e = ” displacements output . t x t ”
88 f o r c e s f i l e = ” L i F 2 f o r c e s . t x t ”
89

90 # Read input data
91 D = r e a d f o r c e c o n s t a n t m a t r i x ( phonon f i le )
92 U l i s t = read md displacements ( d i s p l a c e m e n t s f i l e )
93 DFT force blocks = r e a d f o r c e s b y t i m e s t e p ( f o r c e s f i l e )
94

95 i f len ( U l i s t ) != len ( DFT force blocks ) :
96 r a i s e ValueError ( f ”Mismatch : { len ( U l i s t ) } displacements vs { len

( DFT force blocks ) } f o r c e blocks . ” )
97

98 # === COMPUTATION ===
99 anharmonic measures = [ ]

100 F h a l l = [ ]
101 FA al l = [ ]
102 F DFT = [ ]
103

104 f o r i , (U, F d f t b l o c k ) in enumerate ( zip ( U l i s t , DFT force blocks ) ) :
105 F d f t = F d f t b l o c k . f l a t t e n ( )
106 F harm = compute forces (D, U) . f l a t t e n ( )
107 F anharm = F d f t − F harm
108

109 var anharm = np . var ( F anharm , ddof =3)
110 var harm = np . var ( F harm , ddof =3)
111 measure = np . s q r t ( var anharm / var harm ) i f var harm != 0 e l s e

np . nan
112 anharmonic measures . append ( ( 1 / 6) * measure )
113

114 F h a l l . extend ( F harm )
115 FA al l . extend ( F anharm )
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116 F DFT . extend ( F d f t )
117

118 i f True :
119 p r i n t ( f ”Time step { i + 1} : Anharmonic Measure = { (1 / 6) *

measure : . 6 f }”)
120

121

122 # === WRITE RESULTS TO FILE ===
123 o u t p u t f i l e = ” anharmonicity measures . t x t ”
124

125 with open ( o u t p u t f i l e , ”w”) as f :
126 f . wri te (”# TimeStep AnharmonicityMeasure\n ”)
127 f o r idx , val in enumerate ( anharmonic measures , s t a r t =1) :
128 f . wri te ( f ”{ idx} {val : . 6 e}\n ”)
129

130 # === PLOT ===
131 p l t . f i g u r e ( f i g s i z e =(10 , 6 ) )
132

133 x values = np . array ( range ( 1 , len ( anharmonic measures ) +1) ) / 100
134 p l t . p l o t ( x values , anharmonic measures , ’o − ’ , markersize =3)
135 p l t . x l a b e l (” Time Step ”)
136 p l t . y l a b e l (” Anharmonicity ” )
137 p l t . t i t l e (” Anharmonicity vs Time Step ”)
138

139 # Set x− a x i s t i c k s to show only 0 , 5 , 10 , 15 , 20 , 25 , 30
140 p l t . x t i c k s ( [ 0 , 5 , 10 , 15 , 20 , 25 , 3 0 ] )
141

142 p l t . gr id ( True )
143 p l t . t i g h t l a y o u t ( )
144 p l t . show ( )

Listing A.1: Python script for computing anharmonic force contributions from
MD trajectories
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